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LOOP CORRECTIONS TO CONFORMAL INVARIANCE FOR TYPE-I SUPERSTRINGS
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BRST anomalies arising from modular integrations can be cancelled between different genus world-sheets at the price of moving
the world-sheet o-model away from its conformal fixed point. We have fully implemented this procedure for the lowest-loop
corrections to the type-I superstring. The associated conformal invariance violations are responsible for important corrections to
the background field equations including both the coupling of the gauge field to gravity and the anomaly-cancelling interactions

of the antisymmetric tensor field.

String loop amplitudes have singularities at points
in moduli space where the topology of the world-sheet
changes [1]. These singularities typically produce
BRST anomalies [ 2], which we propose to cancel be-
tween different genus world-sheets by moving the o-
model away from its conformal fixed point. This pro-
cedure generates quantum corrections to the string
field equations [3], but despite partial successes
[4-6] its consistency has been doubted [7]. In this
letter we present further strong evidence in its favor,
based on a comprehensive study of a soluble model
with no pathologies: the O(32) superstring in a con-
stant background gauge field.

All anomalies of interest to us derive from the dis-
appearance of zero-mass bosons into the vacuum. For
the closed sector of the type-I superstring these bo-
sons are the metric perturbation 4, =g, —J,,, the
ghost dilaton @ [8], and the antisymmetric tensor
field strength H,,,. In the presence of condensates of
these fields, the world-sheet o-model is summarized
by an operator
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Hi@K) [V Ve —Ve, 7]
+2~l/2H(k)ABV{l/2V€1/2} ()

built out of the background fields and a set of left-
moving vertex operators [9,10]

VL, =y*exp(—¢)cexp(ik-x. ),

Ve =23¢exp(—2¢)cexp(ik-x,),

Ve =incexp(ik-xy ),
Vii=8"exp(—¢/2)cexp(ik-x,), (2)

plus corresponding right-moving vertex opertors 7.
In (2), the subscript indicates the superghost picture
(a convenient choice has been made), the super-
ghosts have been bosonized, and S is the positive
chirality spin field. The antisymmetric tensor term is
a product of left and right fermion vertices [9,10],
joined by the wave function

Iﬂ(k)ABE[%(1+711)7WPC]ABHM)(}<) » (3)

where C 5 is the O(10) spinor metric [11] and y**
is an antisymmetrized y-matrix product. The struc-
ture of (3) is fixed [12,13] by the fact that like-chir-
ality SO(10) spinors can only couple to odd-rank
tensors and that, on a non-orientable world-sheet, ¥
must be odd under the interchange Ves¥. This leads
to the requirement that the fermion wave function
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(3) must be odd in 4B which, in turn, uniquely se-
lects the third-rank antisymmetric tensor.

¥ can be regarded as a o-model lagrangian, and
conformal invariance conditions are derived by re-
quiring its commutator with the BRST charge 0+ 0
to vanish. The action of Q on the vertices (2) is [10]

[Q, V]:=4K%0cV+ (01, V], (4)
(Q, VA }=k*Ve |

[Q, Vi, ]1=0,

[Q, Ve 1=k V",

[0, V4]1==-Ui(B)s*, (5)
where

Ul = —27%38% exp(¢/2)c exp(ik-x) . (6)

is an auxiliary quantity built out of the negative chir-
ality spin field, S, and the peculiar statistics in (5)
are due to the c-ghost factors in the vertices. The full
BRST anomaly of the g-model is easily seen to be

[(Q+0), P(x)]={—}(38c+32)T¥(x)
~3i(hy, =@ )V, Ph —VE V]
~ 3/ 2 (03 H o Y7 + 30FH, 1,7 111 1 4°
X (Ui Vs 12+ V2 20s,)} . (N

Setting it to zero gives linearized gauge-fixed wave
equations for the massless fields which amount to a
first-order approximation to the usual o-model beta
functions. The complete beta funtions can be recov-
erd by including further BRST anomalies associated
with “collisions” of multiple insertions of ¥ on the
world-sheet. We will not pursue this point as we want
to study a new class of BRST anomalies arising, not
from g-model perturbation theory on a given world-
sheet, but rather from changing the topology of the
world-sheet by adding holes and crosscaps. Our strat-
egy will be to cancel these “topological” anomalies
against a non-zero value of (7), thus breaking the
conformal invariance of the o-model. We of course
have to show that complete cancellation 1s in fact
possible and that the resulting background field
equations are consistent and physically correct.

Let us first discuss the mechanics of adding a
boundary to a given world-sheet. In its simplest in-
carnation, a boundary is a place where free boundary
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conditions are imposed on the world-sheet fields.
Type-I superstrings have a massless gauge multiplet
which couples to boundaries so that a background
gauge field is represented by a boundary action (es-
sentially a Wilson line) rather than a o-model inter-
action term [14]. We will study this more general
case, in which free boundary conditions are aug-
mented by a boundary action, in order to fully ex-
plore the physics of spacetime condensates of massless
bosons. Inserting a boundary B is equivalent to cre-
ating a particular closed string state |B; F)> (F de-
notes the background gauge field ) which is joined to
the original world-sheet by a closed string propagator
I (representing an integration over the radius of the
hole cut into the world-sheet to create the boundary).
The stringy generalization of Maxwell’s equation is
just the condition that the boundary state be annihi-
lated by the BRST charge (Q+ Q). The propagator
may be written as

~ 0
H=(b°—_;b°-> j drexp[t(Lo+1Lo)], (8)
where the antighost factor is the Teichmiiller inser-
tion associated with a modular integration. If the
boundary state has a zero-mass piece (zero eigen-
value of Lo+L,), the 7 integration will diverge at
7- — o0, corresponding to the insertion of a zero-ra-
dius hole. By a familiar argument [5], this diver-
gence is associated with a BRST anomaly: the action
of the BRST charge on the combined propagator and
boundary state insertion is a total derivative in T,
leading to a net anomaly equal to the insertion at a
point on the original world-sheet of the operator cor-
responding to the zero-mass piece of |B; F). To re-
solve 0/0 ambiguities it will be convenient to regulate
the divergence by allowing a small momentum k to
cross the boundary and, once the anomaly has been
calculated, to let k—0. The crosscap is a loop correc-
tion of the same order as the hole and its anomaly
must be calculated as well. Essentially the same pro-
cedure may be used, with the simplification that, since
a crosscap is not a boundary, and cannot be coupled
to the gauge field, its anomaly is F-independent [5].

We now proceed to the calculation of the zero-mass
piece of the boundary state for non-zero, but space-
time constant, background gauge field. (Exact results
are not available for non-constant gauge field and the
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constant case has enough structure for our pur-
poses.) For the superstring we have to deal with the
complications of NS versus R sectors and superghost
pictures. At a boundary, only the sum s; +sg of left
and right superghost charges is conserved and the
boundary state will contain all values of s, —sg [15].
If there is only one boundary in an amplitude, how-
ever, we can project out a particular s, and sy piece
of the boundary state by specifying s; and sg for all
the other vertices. We will use this freedom to com-
pute the boundary state in the simplest pictures. The
zero-mass piece of the boundary state will have a pro-
jection on both the NS-NS sector (graviton and di-
laton) and the R-R sector (antisymmetric tensor).
The former is fairly easy to construct by lagrangian
path-integral arguments while the latter, since it in-
volves spin fields and fermion vertices is more deli-
cate to construct. We will infer the R-R sector answer
from the NS-NS sector by spacetime supersymmetry
arguments. All of our results will be expressed in terms
of the vertices used to construct the s-model lagran-
gian (1).

The zero-mass piece of the NS-NS sector bound-
ary state, in the (s;, sg) = (~1, —1) picture, can be
shown to be

|B; FYns =k tr[det(14+F)]'/2
X{[(1=F)/(1+F)1,V*, P,
+ VPl —V P 3 [(8c+38) /211>,  (9)

where « is the open string coupling squared, |2 is
the SL, invariant vacuum and the trace (coming from
the Wilson line) is over the gauge group. This expres-
sion is exact for constant non-abelian F taking values
in an abelian subgroup of the gauge group (which is
automatic for a constant gauge field strength by vir-
tue of the Yang-Mills equations [16]). A complete
proof of this formula will be given elsewhere [131,
but its essential features are easily checked. For
F,,=0, it reduces (after eliminating the bosonized
superghost fields in favor of the original # and y su-
perghosts) to our previously obtained superstring re-
sult [5], which is little more than an expression of
OSp(10]2) invariance. For F,,, # 0, picture-changing
to 51, Sg=0 reproduces our previous results for the
bosonic string in a background gauge field [4]. The
F-dependence of the overall normalization is crucial
and can be checked by functional integration [13].
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The corresponding result for the crosscap (which does
not couple to F) is just [ 5,12] the negative of (9) for
an O(32) gauge group evaluated at F,,=0. Thus, if
the gauge group is O(32) the sum of the hole and
crosscap anomalies in the NS-NS sector vanishes at
F=(, but not otherwise.

Since F,, lies in an abelian subgroup,
[(1-F)/(1+F)], isanorthogonal matrix. Thus the
efect in (8) of turning on F,, is just an F-dependent
Lorentz rotation of the right-moving vector fields rel-
ative to the left-moving ones plus an overall rescaling
by [det(1+F)]'/2. This algorithm is quite general
and we will eventually want to use it to construct the
F-dependent R-R sector (antisymmetric tensor) hole
anomaly from its F=0 value, which we will in turn
obtain from supersymmetry considerations. Since the
R-R sector is built out of Lorentz spinor operators,
S4, we will need to know the spinor representation,
M(F), of the above orthogonal matrix. This is easily
calculated if we take F,;, in the Cartan subalgebra of
0O(10):

h=8(°, 1) o

Then (1—-F)/(1+F) corresponds to rotation
through angles 8;= —2 tan™~'f, and the spinor repre-
sentation is

M(F)AB=6§ﬁ(1+f})“/2[l—ia?’j}] . (11)

Although a background gauge field breaks Lorentz
invariance, a fixed rotation of the right-moving fields
merely redefines the Lorentz generators. This redefi-
nition affects the hole, but not the crosscap and the
violation only occurs when hole and crosscap are
combined, because their Lorentz symmetries are in-
compatible. The same remark applies to spacetime
supersymmetry.

The action of the spacetime supersymmetry charge
on the vertices (2) is [9]

{412, VE =3V 21 () 5",

(412, V2,1=0,

[(Af)2, Vi 1==UZ(B) 5",

(A%, VB 2 1= = (i//2)(Cr ) 2Ve, . (12)

Similar formulae are true in other pictures up to BRST
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transforms which can be gauged away [13]. The re-
gularization of allowing a non-zero momentum X to
flow in through the boundary (thus attributing a mo-
mentum k to the vertices) is crucial since otherwise
supersymmetry would annihilate the NS-NS bound-
ary state. It is also necessary to regulate the left- and
right-moving vertices differently with k¢ = —k%. This
is quite reasonable since it preserves the standard bo-
sonic boundary conditon dx*“= —3x* [5].

Acting on (9) at F,, =0, the closed string super-
symmetry generator A4+ will create a spacetime
fermion in the NS-R+R-NS sector. Since super-
symmetry is exact in the absence of a background
gauge field, this spacetime fermionic piece must be
cancelled by A+ acting on the zero-mass piece of
the R-R hole state. We write the latter in the general
form

IB; 0)r=V4,,,Lis V2, ,,[(0c+32)/2112> (13)

and use the cancellation condition to determine the
wave function L,z The result (which is picture in-
dependent if one is careful to gauge away BRST
transforms turns out to be

Lis=ix(}.C) a5/ /2 - (14)

The result for F# 0 will be obtained by the procedure
indicated earlier: carry out an F-dependent Lorentz
rotation, using the spinor representation (11), of the
left-moving vertices relative to the right-movers and
then renormalize by a factor of ./det(1+F). Be-
cause ky = —kg, (14) has the left-right antisymme-
try appropriate to fermion wave functions on non-
orientable world-sheets even though it only contains
one p-matrix, unlike (3). We of course do not iden-
tify k; with any physical momentum. It is just a reg-
ulator, and will be set to zero after the BRST operator
has acted, and before any comparison is made with
the lower genus surface. Experience has convinced us
that this strange procedure is correct.

After multiplying the zero-mass hole state by the
closed string propagator (8), we apply Q+( to cal-
culate the BRST anomaly [5]. The NS-NS sector re-
sult is

(Q+Q)|B; Fyns = rctr{det(1+F)]'/2
X 3+ (VA [(1~F)/(1+F)1, V",
+VeTh, —VE T Q). (15)
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This came from applying (4), (5) to (8) and (9),
using k; = —kg. In the R-R sector we first calculate
the BRST anomaly for zero-field using (5), (13) and
(14), and then switch on F,, using the previously
described Lorentz rotation algorithm, to get

(Q+)|B; Fygr
=232k tr{det(1 +F)]/2M(F) /°
X{UdVg _ 12+ VA 205,312 . (16)

In both (15) and (16) we have taken the limit of
vanishing regulator momentum k. The crucial point
is that singular factors of k in the propagator cancel
against vanishing factors of & in the BRST operator
and in the boundary state itself to give a finite limit.
Now we observe that [T>_, (1+/7)~"/2in (11) can-
cels the determinant in (16), leaving II7_,[1-
ic¥’£1, which is a fifth-order polynomial F,,. A
Lorentz covariant version of this polynomial is ob-
tained by expanding exp(— iy*y*F,,) and omitting
all terms with repeated Lorentz indices. The overall
gauge trace cancels odd powers of F,, and the com-
plete F-dependence of (16) is contained in the
expression

tr[det(1+F) )\ 2M(F) ~
=tr{1+ §(F A F) 07"
+ LM (FAFAFAF) 7,148 (17)

For zero field, the hole and crosscap cancel for O(32)
[5,12]. Since the crosscap is F-independent, its in-
clusion just subtracts the F,,=0 values from (15) and
(16). Because of the determinant cancellation in
(17), the zero-form (constant) term then disappears
for any F. This is very fortunate since it is an unphys-
ical state whose coupling would cause difficulty with
the hexagon anomaly [12]. The extra uncancelled
pieces of (17), generated from the zero-form by the
F,, rotation, are important physical states.

The simple polynomial dependence on F of the
R-R-sector anomaly was derived from properties of
0O(10) rotation matrices, but we have an indepen-
dent proof of this crucial determinant cancellation.
A fermionic functional integral calculation of the
boundary state [13] gives a result proportional to

[T det(1+F), (18)

m>0
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where m are the oscillator frequencies. This is for-
mally the inverse of the determinant from the bo-
sonic functional integral and one might expect the two
to cancel. By the {-function formulae

2 1=00)=-1,

m=1,2,..

1=(2°-1)¢(0)=0, (19)

m=1/2,3/2,...
the two determinants do indeed cancel in the R-R
sector (where boson and fermion modes are both in-
teger) while in the NS-NS sector [17] (where bo-
sons are integer moded and fermions half-integer
moded ) the fermion determinant is unity and the bo-
son determinant stands uncancelled. The remaining
polynomial dependence of the R-R sector boundary
state then comes from the ten R-R sector zero-modes
we.

The sum of hole and crosscap BRST anomalies can
now be cancelled against the sphere BRST anomaly
(7), giving the loop-corrected field equations

Buwaa=Ktr{[det(1+F)]'/?

X[(A=F)/(1+F) =0}, (20)
8uore = Pu=0, (21)
D o = — K tr{[det(1+F)]/2 =1}, (22)
dAH=Lktr(FAF), (23)
8% H = 11k tr{(*(FAFAFAF),} . (24)

It was not obvious a priori that tree-level and loop-
level anomalies would be of the right form to cancel
against each other, but our results show that they are.
By adding a BRST transform to (1), we can effect a
spacetime coordinate transformation [5,8]

Ry hy+e,+e6,,
D>P+e,, . (25)

Since the physical dilaton #(x) must be a coordinate
scalar, we must identify

P(x) —g=D(x)—1h, (x), (26)
where
exp(—¢/2)=k (27)

is the string loop coupling constant. Then (21) is es-
sentially the harmonic gauge condition. The equa-
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tions for H,, show that it is related to an
antisymmetric tensor potential B,, in the familiar way
involving the Chern-Simons three-form [18]

H=0AB
+iexp(—@/2)tr(AAF—-34AArANA). (28)

The exp(—@/2) reflects the fact that the Chern—
Simons coupling arises as a loop-order effect.

All of these equations of motion and gauge condi-
tions can be derived from the effective lagrangian

J&8%=\/gexp(p){R~ (Vp)>—2V2p— 5 H?}
+exp(p/2)tr{\/g— [det(g+F)]"/?}
— i exp(p/2)r{*(BAFAFAFAF)} .  (29)

The exp(¢) term is the standard tree-level result {19].
The exp(@/2) terms are the string loop corrections.
The i will disappear in Minkowski space. Qur field
equations (20)-(24) can be derived from (29) by
expanding the tree term to second order in #4,,, @,
B,,, and the loop terms to first order. It is of course
crucial that an effective action exists, since that guar-
antees that the loop-corrected equations of motion are
mutually consistent, something which is also not a
priori obvious.

The open string photon is known to interact with
itself through a non-linear Born-Infeld lagrangian
[14]. We now see that the hole anomaly is its en-
ergy-momentum tensor, and the o-model anomaly
which cancels it is the Einstein tensor of gravity. This
simple physics already forces us to violate world-sheet
conformal invariance. The couplings between F,,, and
B, in (28) and (29) are just the Chern-Simons
three-form and F* coupling needed to cancel the hex-
agon anomaly [18]. Again, essential physics has re-
sulted from the violation of conformal invariance.
The non-polynomial Born-Infeld determinant in the
NS-NS sector miraculously disappeared from the
R-R sector (17), thus maintaining, even for non-zero
F, the cancellation of the zero-form between hole and
crosscap needed to avert a hexagon anomaly disaster
[121].

In string theory remarkable cancellations generat-
ing unexpected consistency are evidence that one is
on the right track. We are therefore inclined to be-
lieve that the interpretation of string loop physics as
generating conformal invariance violation in the
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world-sheet o-model has deep significance. The loop-
corrected g-model is still required to have an enor-
mous symmetry group, presumably some subtle gen-
eralization of naive conformal invariance, in order to
decouple all the spurious states of string theory. The
challenge is to identify and exploit its structure.
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