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Chargedblackholesin two-dimensionalstring theory
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We discuss two-dimensional string theories containing gauge fields, introduced either via
coupling to open strings, in which casewe get a Born—Infeld type action, or via heterotic
compactification.The solutionsof the modified backgroundfield equationsare chargedblack
holes, and we compute their massesand charges.We also discuss the possibility of novel
space-timegeometries.

1. Introduction

Recently, black hole solutions to two-dimensionalstring theoryhaveattracted

much interest [1—61.The black hole discussedso far is a solution of the bosonic
closedstring theory on the sphere,and it is neutral. It is interestingto ask what
happensto theblack hole in stringtheorieswhich includea gaugefield, permitting
it to havea charge.It is also interestingto ask how loop correctionsto the string

theorymodify the conformallyinvariant tree-levelsolutions.Both of thesemodifi-
cationsappearnaturally in the open string case,since the gaugefield couplesto
gravity through ioop effects [7,8]. Thereforewe computethe correctionsto the
black hole solution which comefrom adding holes and crosscapsto the closed
stringworldsheetandcoupling a gaugefield to the boundary.As in refs. [7,81,we
work in the approximation of a slowly-varying electromagneticfield, and the
effective action for the gaugefield is then of the Born—Infeld type.We solve the
beta functions of the two-dimensionalstring theory that are valid at the leading
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order in a’, and find a chargedblack hole solution. For completenessand
comparisonwe also discussa two-dimensionalheteroticstring solution,which also
givesrise to a chargedblackhole.Of coursein this casethe gaugefield comesin at

the treelevel. Howeverthe black holesolution is of thesamegeneraltype as those
obtainedfrom loop corrections.

This paper is organizedas follows. In sect.2 we review the black hole solution
of two-dimensionalstring theory, and show how it is modified in the presenceof
genericloop corrections.In sect.3 wederive thespecific modification to the string

tree-levelequationof motion that arise from coupling gaugefields to openstrings.
As in the critical string, thesemodifications can be derived by standardback-
groundfield calculations,but they canreally be understoodonly if oneinterprets

them as loop corrections.Therefore,in sect. 4, as in ref. [9], we actuallyperform a
loop calculationby building the boundaryoperatorfor holes and crosscaps,and
requiring the BRST anomalyof the tree-level state to cancelagainstthat of the
boundaryoperator.This calculationis similar to that of ref. [9], but somehowmore
subtlesince we are in two dimensions.The results are the sameas those from
backgroundfield calculations.In sect.5 we find an exactsolution for the Born—In-
feld black hole. In sect.6 we discussand solve the heterotictheory. In sect. 7 we
discussthe geometric interpretationof these black holes. In some cases,the
solutions look very similar to Reissner—Nordstromblack holes, although the
parametersin the solution often havea differentinterpretation.For example,the
role of the charge in the Reissner—Nordstromsolution may be played by the

cosmologicalconstantinstead.In the presenceof generic loop corrections,one
could expect new space-timegeometries,with Penrosediagramsthat tile the plane
with blackholes.Finally, in sect.8, we derivethe massesandchargesin the various
cases.

2. The black hole solution

In ref. [1] it was provedthat the black hole in a solution of an exactconformal
field theory,namelythe WZW model with gaugegroup SL(2, l~)/U(1).However,a
black hole solution can be derived also by solving the two-dimensional beta
function equationsfor the graviton—dilatonsystemat the leadingorder in a’, asin
ref. [21.To leadingorder in a’, the betafunctionsof the closedbosonicstringin D
dimensionsare [101

=R~+2V~V~jIi=0, (2.1)

/3” = —R — 4V21 + 4(V1)2 + c = 0, (2.2)
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where c = 2(D — 26)/3a’. We are assuminghere that the tachyonfield is zero,
and drop it from the equations.Our curvatureconventionsfollow ref. [11], as in

ref. [10].
We look for a metric of the form

1
G,~=—g(r), Grr=~~~~7, (2.3)

where t is a timelike coordinateand r is spacelike,andassumethat ‘1(r) is static.
Thenthe gravitonbetafunctionsbecome

f3~=~(g”-2g’cP’) (24)

/3~=2~”—~(g”—2g’~’), (2.5)

and the dilaton betafunction becomes

/3” = g” + 4g(D’)
2 — 4gi” — 4g’lI’ + c, (2.6)

whereprimesdenotederivativeswith respectto r. Also, /3~= 0 identically.

Together,eqs.(2.4) and(2.5) imply that P” = 0, so the dilatonbackgroundtakes
the form

(2.7)

Thena linear combinationof eqs. (2.4) and(2.6) gives

2
/3” — —f3~= Qg’ + Q2g + c = 0, (2.8)

with the family of solutions g(r) = —(cQ2+ 2m e~’~).Requiringthe metric to

be asymptoticallyflat for r —~ fixes Q = f~. It was shown in ref. [1] that this
solution is the two-dimensionalversion of the four-dimensionalSchwarzschild
solution.(Notice that this solutionwould be trivial if c = 0.) The free parameterm
is proportionalto the mass,as describedin sect. 8.

String loopscanmodify thebetafunctions[12,13].To zerothorder in derivatives
of the fields, the effect is simply to adda cosmologicalterm

S
100~=fd’~x~/~JA e

2~ (2.9)
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to the effective action,weightedby the dilaton factor appropriatefor n handles

[8,131.From thesecorrectionsto the effective action,we can infer correctionsto
the betafunctions.Specifically,eqs. (2.1) and(2.2) takethe form

n ~ ,ir’ 2ncP
~ p~

— R — 4(V21) + 4( VcP)2+ c = (1 — n)A e2”’, (2.10)

where n is chosento representthe leadingnon-vanishingloop correction.
Thenthe r.h.s.of (2.8) becomesA e2’~”oe”~’, andthe genericsolution is

1 — 2m ~Qr + b~e”~ if n ~ 1
g(r) = 1 —2m e~T+biQr e~T if n = 1, (2.11)

where

b = e2”~ for n * 1, b
1 = — —e

2~. (2.12)
“ c(n—1) c

The mostgeneralloop-generateddilatonpotential is a linear combinationof the
termson the r.h.s.of eq.(2.10),andtheblack hole metric includesa sumover the
b~terms in eqs.(2.11) and(2.12). It is interestingto point out that (2.11) implies
that in the presenceof loop correctionsflat space is no longer allowed as a
solution.

We will show that open strings obey non-linearBorn—Infeld electrodynamics.
Forhole andcrosscap-typecorrections[9,141in the absenceof a gaugefield, it will

turn out that n = 1/2 in the above formulas. Open stringswith a weak electric
chargebut no cosmologicalconstantwill haven = 3/2.

Heteroticstringshavechargedsolutionswith an electromagneticfield which will

mimic loop correctionswith n = 2, so they also fit into this general class of
correctionsto the black hole.The first closed-stringloop corrections(torus-level)
will have n = 1. Although this case is very interesting,since closed-stringioop
correctionsappearin every string theory, we will not discussit here any further,
exceptin sect.8 when we computemasses.

3. Open strings in two dimensions

The original meansof introducinga gaugefield into stringtheorywasto couple
it to chargeson the endsof an openstring [151.In this section,we will derivethe
open-stringbetafunctions for the D = 2 string, andusethem to find the equations
which mustbe satisfiedby a black hole coupledto an abeliangaugefield.
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We first considerthe simplestcase~that of a U(1) electromagneticfield. The

combinedopenandclosedstring worldsheetaction is [8]

= 4~a’fd2z ~{~abG (X)~X~3X~+ a’R~2~(X)+ ~T(X)}

1 ( a a’
+ ,~ ds~A~(X)—X~+ a’kcP(X) + —e(X) ~ (3.1)

2ira

where T and ~9are respectivelythe closedandopenstring “tachyons”. The bare
tachyon couplings include factors of a worldsheetcutoff e with dimension of
length [161.The gaugefield A,~,hasbeenrescaledby a factor of 2ira’, so that F~
is dimensionless.The term containing the extrinsic worldsheetcurvature k is
neededto completethe coupling of the dilaton to the Euler density.

Demandingconformal invarianceof the worldsheetaction (3.1) requirestwo
new betafunctions, /3,~’and

13e,to vanish.This implies new equationsof motion,
which to lowest order in derivativesof the gaugefields aregiven by

f3~= (G — F2)~,
1V7PF~+ = 0, (3.2)

f3~= (G — F2)~ — V~1iV,~~6I+ (l/a’)@ = 0. (3.3)

Up to @-dependentterms in eq. (3.2), theseare the variational equationsof an
open-stringcontribution

Sopen= _Kf d2x e”’I— det(G+ F) {i + a’(G — ~ — @2} (3.4)

to the effective action, where K is a positive open-stringcoupling constantwith
dimensionsof inverse-length-squared~. The gauge-fieldpart of eq. (3.4) is the
Born—Infeldaction for non-linearelectrodynamics[7,17].The presenceof bound-
ary fields in (3.1) doesnot affect[7,8] the betafunctions(2.1) and(2.2), so that the

closed-stringtree-leveleffective action [10,18] remains

SCIOSed = fd2x f~I~e2~{R + 4(Vcb)2 — (VT)2 + (4/a’)T2 —c}. (3.5)

Like the tachyoncontributionsto the gravitonand dilaton beta functions[16~1,

the &-terms in
13A requirea sumover all loop-ordersin the sigmamodel.We will

not pursue this here, but simply note that eqs. (3.2)—(3.4) can be expectedto
receive higher-ordercorrectionsin @, just as the closed-stringaction contains

* If K werenegative,the gaugefield would coupleto gravitywith thewrongsign.This is a consequence

of our curvatureconventions,which follow refs. [10,11].
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non-trivial higher-ordertachyoninteractions.The tachyonsin the effectiveaction
are renormalizedwith respectto the bare tachyonbackgroundsin the worldsheet
action [161.

As in the closedstringcase,we will considera linear dilatonbackgroundof the
form (2.7). Thenthe field redefinitionsT= e”’T, ~9= e”’”2~removethe negative-
massterms from the tachyonequationsof motion, showingthat both “tachyons”
are actuallymasslesswhen D = 2, in agreementwith the expectedspectrum[191.
The masslessopen andclosedstringtachyonsare the physicaldegreesof freedom
of the D = 2 open string. The metric, dilaton, andgaugefield arenon-dynamical

backgrounds.We will look for black hole solutionswithout tachyonbackgrounds,
anddrop T and �1 in the following.

The total space-timeeffective action associatedwith (3.1) is obtained [8] by
adding(3.4) to (3.5). Thenthe equationof motion derivedfrom total action are

G+F2
R~+ 2V~V~+ ~ e~det(1+ G1F) (G _F2)~ = 0,

— R + 4(VcJ~)2— 4V2~+ c+ ~K e~det(1+ G ‘F) = 0. (3.6)

The aboveresults are basedon backgroundfield calculations.They rely on an

expansionin derivativesof the fields, whosemomentaare thereforesupposedto
be small. However, dueto the linear dilatonbackground,and the fact that in two
dimensions,the backgroundsare massive in the world-sheet sense(except the
tachyon),such an expansionmight be unjustified. In sect.4 we will show that the
correctionsto the beta functions inferred from putting togetherthe effective
actions (3.4) and (3.5) can be interpretedas loop correctionsdue to the effect of
smallholesandcrosscapsin the world-sheet.This loop calculationis of interestof
its own merits,sinceit involves massivemodesof the string, and is a nice checkof

the resultsof backgroundfield calculations.

4. Loop correctionsfrom the boundary operator

The basic ideasandmethodsof our derivationin this sectionarethe sameas in
the critical case[8,9,12—141,but with modificationsduemostly to the linear dilaton
background.Namely, we imposethe BRST invarianceof the closed-stringfield
stateandget the stringtree-levelequationsof motion (2.1) and(2.2), asin ref. [201.
Then we representthe insertion of a hole in the worldsheetvia a boundary
operator[9,14], and require the BRST invarianceof the sum of both the closed
string tree-levelstateandthe boundaryoperator.This will give the loop-corrected
equationsas in refs. [8,9,21].
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In this calculation, we will use a weak-field expansionfor the closed-string
backgrounds.We first derivethe tree-levelbeta function starting with the string
state

I~)= {~(x) +ç(x)a~
1~, +~(x)(ci~1 _bi~i)}ciëi liQ/2>, (4.1)

where iQ/2) = e~x~~’
210) is the proper Liouville gravitationaldressingfactor

for D = 2 strings [22]. The fields h,~,,and 4, are perturbationsaround the
backgroundgravitonanddilaton, andthe hats area reminderthat theyare related
to those in the sigmamodel lagrangianby a field redefinition, yet to be deter-
mined.The c

1E1 e~~’
2factor in (4.1) is what convertsthe SL

2(11) vacuum 10) to
a puncturevacuum,appropriatefor attachinga fixed vertex[9,14,22].

Beforediscussingthe BRST invarianceconditions,it is useful to write the mode

expansionof the coordinatesX~.The closed-stringcoordinatesmay be expanded
as [23]

~ 1
X’~’(o,‘r) =~‘~ + 2a’P~T+i~J_~_E —{a~ e_

2 T~+~ e_21~~~~}.(4.2)
n,~O

The linear dilaton backgroundmakesthe definition of P’~somewhatsubtle.The
operatorX~’is hermitian,so P~’mustbe hermitianaswell. If 0) is the ordinary
SL

2(EFI) vacuumand I p) e”~°~l0),then the linear dilaton backgroundimplies
[23,24]that thereis a backgroundmomentum:K p + iQ I p) = 1. Consequentlythe
momentumin eq. (4.2) must be shifted by half the backgroundcharge, so that

P~’Ip)=(p—iQ/2)~Ip).
The Virasorogeneratorsarenow

L~= : a~a~m: — — yQ~~a~— ~~nO’ (4.3)

~ = E(m — n) : Cmbn_m: + ~ig(5~0, (4.4)

andthe BRST chargeis

= (Lx+ILgh0~t 5
~BRST C_fl~,, n 2 n

n

Here,a~= ~J~7~JP~’.The additional Q-dependentterms are form the contribu-

tion of the linear dilaton backgroundto the stress tensor. Such terms were
originally found for Liouville theoryin ref. [25]. Thesetermsareanalogousto ones
appearingfor bosonizedghosts, for the samereason[23,26]. The ghost part is
unchangedfrom the critical case,and the right-moversare definedanalogously.
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Applying the techniqueof ref. [9] with the modified Virasorooperators,we find
that (Q + Q)BRST I iJr) = 0 implies

3-a’V
2h/~,,—h~,= 0,

~a~V2~_~=0. (4.6)

The BRST gaugeconditionscomingfrom L ±1 terms in QBRST are

(0 + - (0- =0,

(a+ = 0, (4.7)

where the parenthesesandbacketsaroundthe indicesdenotesymmetrizationand
antisymmetrization,respectively.Theseequationsneedto be comparedwith the

linearizedversion of (2.1) and (2.2). To this purpose,as in ref. [9], we will use a
weak-fieldexpansion

G~(X)= ~

~(X) = — ~ + 4,(X) (4.8)

with = Q~,r asin (2.7). Substituting(4.8) into the betafunctions(2.1) and(2.2),

we find

f3~= — ~(0+ + ~Q2h~ + ~(0~J~+ (4.9)

f3~+ ~J3~ = (0 + - ~Q24, -J~,(0~4,- (4.10)

where

= (0 + Q)vh~— ~ + 20,~,4,. (4.11)

Fixing the gaugeJ~,= 0 andmaking the field redefinitions

= ~

4, = e~(~-h”,,— 24,) (4.12)

reproduceseq. (4.6), while thegaugecondition J~,= 0 turns into (4.7). Note that ~
is a linear combinationof the dilatonvertex and traceof the graviton [9,20], and
thee~°°~scalingis the sameasfor the tachyon.This scalingis associatedwith the
Euler characteristicof a puncture.
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Although we havenot discussedthe antisymmetrictensorbefore,we may note
that the gaugecondition(4.7) on the antisymmetricpart of i~implies that the
antisymmetricpart of eq.(4.6) is identicallyzero(rememberQ2/4 = 4/a’), so that
at the tree-levelthe antisymmetrictensorbeta function vanishesidentically. This
hasimportantconsequences,which we will comebackto.

We now compute the ioop corrections.The boundarystate that describesthe
insertionof a hole on the world-sheetwith abeliangaugefield attachedis [8,9,211

IB)F=A e~0~/—det[sj(x)+F(x)]

~ 1 ~—F
x exp — — ~ (c

0 + ~) I iQ/2)x I B)ghost (4.13)
,~1n ~+F ~

since I iQ/2) satisfiesthe zero-modecondition P’~= 0. The presenceof a back-

ground momentummakes this reminiscentof the boundarystatesfor bosonized
ghosts[9] and superghosts[27]. The ghostboundarystate is the sameas in the
critical case[91.The open-stringcoupling constantA will be proportionalto K in

(3.4). The state I B) is attachedto a world-sheetvia a cylinder. We need to
integrateover the modulus(length)T of the attachedcylinder,which hasthe effect

of multiplying I B) by a closed-stringpropagator,and also need to insert the
requiredghostzero-modes(which eventuallywill combinewith those in (4.13) to
reproducethe appropriatevacuum[9]). Thereforethe completestatefor inserting
a boundaryin the world-sheetis [9]

IF) = — (b0 + ~o)fdT eT) I B)F = — (b0 + h0)(L0 + L0)
1 I B)F. (4.14)

We needto remember[9] that the state I B) itself is BRST-invariantby virtue of

its boundaryconditions,andthat

{(Q+~)BRST’ b
0+b0}=L0+L0. (4.15)

Thereforecommuting(Q + ~)BRST past the ghostinsertion in (4.14),producesan
inverse propagator,which cancels the propagator in (4.14). This cancellation
presentsno problem for the massivemodes,and for them the correctionto the
tree-levelequations(4.6) canbe read directly from the boundaryoperator,andno
divergencecalculationis involved. (This is not too striking. In the BRST approach
we deriveddirectly eqs.(4.6) without computingany divergence,while in thesigma
model approachthe sameequationsemergedfrom a beta function calculation.)
Howeverthe cancellationis moreproblematicfor the masslessmodes,sincein this
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case one gets a zero over zero ambiguity which can be dealt with by some
regularization procedure, for instance giving the boundary state an off-shell
momentumas in ref. [21].

Therefore,requiringas in critical case [9] that the sum of (4.1) and (4.14) be
BRSTinvariant onegetshere for the masslesstachyon

~a’V2T=A e~~/—det(i~+F) , (4.16)

includingthe F-dependence.This is completelyanalogousto the derivation of the

ioop correctionsfor masslessmodesin the critical string.
Similarly one derivesfor the massivemodesthe loop correctedequations

—A e”°
1/—det(ij +F) 2

~arV2~ — = A e~°~—det(i~+ F) (4.17)

while the gaugecondition(4.7) receivesno loop corrections.

The loop corrections(4.17) are exactlywhat are neededto explain the extra
terms in the graviton anddilaton beta functionswhich can be inferred from the
open-stringeffective action (3.4) (here we restrict ourselvesto the case ~9= 0).
Indeed,eqs.(4.17) agreewith thelinearizedequationsof motion (3.6) if K = 8A/a’.
This agreementconfirmsthe validity of our procedureto obtain loop correctionto
massive,as well asmasslessstates.In eq. (4.16)T is the masslesstachyon,which is
related to the sigma model tachyonby 1’ = T e~°’~.This relation is consistent
with the tachyonfield redefinitiondiscussedearlier. (Subtracting‘27,~ in the field
redefinition is optional. It is done to maintain the connectionbetweene” andthe
string-loop coupling.) The tachyon correction (4.16) may be accountedfor by
adding a term

—K e”T(X)i/— det(G+F) (4.18)

to the effective lagrangian,whosevariationalequationcancelsthe r.h.s.of (4.16).
A remark is in order here. On the r.h.s. of (4.17), we have symmetrizedthe

matrix((~— F)/(~+ F))~which comesfrom theboundarystate.Its antisymmet-
nc partmaybe consideredto be the correctionto the equationfor the antisymmet-
nc tensor field B~.However, as noted earlier, since its field strengthHA~
vanishesidentically in D = 2, the closed-stringtree-levelequationsare indepen-
dent of B~.Thereforethe antisymmetricpart of the boundarycorrectionsmust
vanishtoo, which canhappenonly if F = 0.



M.D. McGuigan, C.R. Nappi / Chargedblack holes 431

The sameconclusioncanbe reachedalso in the approachof sect.3. Indeedin
thepresenceof a boundary,the antisymmetnictensorentersthebetafunctionsand
effective action via the substitutionF,~,,—~ F,,~+ ~ everywhere[8]. Varying the
action with respectto ~ gives the antisymmetnictensor beta function, which
turns outto imply F + B = 0. Therefore,the gaugefield canbe gaugeaway.

This problem canbe solvedby consideringa non-abeliangaugegroup instead,
and choosinga backgroundin an abeliansubgroup.Onientableopen stringscan
couple to U(N), while unorientableonescancoupleto SO(N)or Sp(N),wherein
the lattercase,N is even[28]. In the orientablecase,the antisymmetnictensoris

simply absent. In the onientablecase, it will eat a U(1) factor by the process
describedabove, leaving an SU(N) groupand no antisymmetrictensor.

In the caseof non-onientablestrings, one needsto take in account also the

crosscapcontributionwhich appearsat the sameorder in the loop expansionas
the boundary state. The insertion of a cross-capon the world-sheet can be
representedby the operator[9,14]

IC) = 2~2~Ae~oex~{n~1~ — )fl+1 i~a~&} I iQ/2)x I C)ghos,, (4.19)

which will also contributeto eqs.(4.17).

If onetakesthe backgroundfield in an abeliansubgroup,the final form of the
effectiveaction is indeed(omitting the tachyon)

Sopen= _Kf dDx e~{Tr~[_det(G+ F) + ~

2D/2~} (4.20)

where D = 2 for our purposes,and ~ = 0, — 1, or 1 when the group is SU(N),
S0(N) or Sp(N), respectively.The trace is over the group indices, which are
suppressed,andthe termproportionalto 2D/2 comesfrom including the crosscap
contribution.

It is useful to choosea particular abeliansubgroup,so that we can evaluatethe
tracein (4.20).We will takethe backgroundto bein abeliansubgroupwith a single
generatorA~.The group elementsare representedby NX N matrices,and we
normalize the generatorsby Tn A”A” = 2~ab The generatorA” of the abelian
subgroupcanbe chosenso that

Tr 1 = N, Tn F
2” = 2F2”, Tn F2’~’= 0. (4.21)

Using (4.21) andthe fact that det(G+ F) is even in F (since F is antisymmetnic)
we rewrite the open-stringpart of the actionas

Sopen = ~~Kfd2x e°{2~/_det(G+F) + (N—2 + 2~
7)f~}. (4.22)
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The equationsof motion derivedby adding(4.22) to (3.5) are now

G +F2
+ 2V~V~+ ~K e~/det(1+ G1F) (G _F2)~~+ ~K(N+ 2~—2) ~ = 0,

— R + 4(VcP)2— 4V2~J~+ c + K e’~/det(1+ G1F) + ~K(N + 2ii — 2) e~= 0.

(4.23)

Comparingeqs.(4.22)and(4.23) for F = 0 with the generalforms (2.9) and(2.10)

shows that the open-stringcontributesa cosmologicalconstantA = —K(N + 2i~),
whichvanisheswhen the gaugegroup is SO(2).We will solve eqs.(4.23) in sect.5.

5. Open-string Born—Infeld black holes

We will now searchfor a chargedblack hole solution to the backgroundfield
equations(4.23) for the open SU(N), SO(N), or Sp(N) string, with an abelian
backgroundF~.In two dimensions,the field strengthhasjust one independent
componentFtr = —F,~=f. The gauge-fieldbetafunction (3.2) is

pA = (1 _f2) 1f’ - ~‘f. (5.1)

Note that /3~vanishesidentically.
Rewriting the betafunctions(4.23) usingthe metric (2.3) givesthe equations

— ~g” + 2g’I~’= — ~g” + 2g’cb’ + 2gP”

1 +f2
+~N+~—1

~1_f2

g” + 4g(~’)2— 4g~”— 4g’~’+ c = —K e~{~/1—f2 + ~N+ ~ — i}, (5.2)

for the metric and dilaton background.The graviton beta functions again imply
that that 1” = 0, so the ansatz(2.7) is still appropriate.The equationsto solve are
then

(f2)’ = -Qf2(1 -f2), (5.3)

g’+Qg= _~_~e0{(1_f2)’/2+~N+~_1}. (5.4)
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Thesolution to (5.3) mustbepositiveandvanishat infinity. A family of solutions is

f
2(r) =q2(eQr+q2)’. (5.5)

Substitutingthis into (5.4) gives

(g(r) eQr)’= ~~Qr+ ~(2—2ii —N) eQr/2_~~e~+q2, (5.6)

where i~= Ke’~°.Integratingeq.(5.6) andusing Q2 = —c gives

g(r) = 1 —2m e~r+ ~(N+2~ —2) e~r/2

eQr+ 1 —sinh’(q eQT/2)}. (5.7)

The curvatureis then

R= —2mce~2’~+(~N+~q— 1)i~e~”2

+~(e~+q2)’/2_4~q e~ sinh’(q e_Qr/2). (5.8)

This has a singularity at r = — ~, which is where the usual curvaturesingularity

occurs.Event horizonsoccur when g(r) = 0. In generaltherewill be more than
one,as for the usualchargedblack hole.

To first order in q2, the black hole (3.4) correspondsto a solution coupledto

ordinarylinear electrodynamicswith a cosmologicalconstant,

2i~ 2,~2
g(r) = I — 2m eQr + —(N + 2~)e_Qr/2— q e3~~2. (5.9)

When q = 0, the pure cosmologicalconstantconnectionis present,and has the
form (2.11) with n = 1/2. The cosmologicalconstantA = —K(N+ 2i~)may be
cancelledby coupling non-onientablestringsto SO(2),asnotedin sect.4.

The U(1) string hasno gaugefield, dueto thefact that the antisymmetnictensor
~ acts as a Lagrangemultiplier. However, it still has a cosmologicalconstant,

which the action(3.4) showsto be A = — K. In that case,the modified black hole
metric is of theform (2.11) for n = 1/2, specifically,

g(r) = 1— 2m e~T + (is/c) e~’~/2. (5.10)
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6. Black holes in two-dimensional heterotic string theory

Hetenotic stringsprovide an alternativeway to couple a gaugefield to string
theory. In thissection,we find solutionsof the form of a two-dimensionalchanged
black hole to a string theoryheteroticallycompactifiedto two dimensions.In the
two non-compactspace-timedimensionsthe left-moving sectorwill be takento be
bosonic, andthe night-movingsectorsupersymmetnic,so that the heteroticsigma

model coupling the string to the bosonicbackgroundsof interestis [10]

1
2~arfd2z dO {G~~(x)Dx~äx~—4a’(D~u)~(X)+A~a(X)DX~LäJa},

(6.1)

whereJ” is the currentof the internalgaugegroup,whosenaturewill be discussed
shortly. Above we haveusedsupenfieldnotationsfor the fields in the right sector
and the world-sheetconformal gauge ~Y~b= e~Qb. We will assumethat the
backgroundA,, takesvaluesin an abeliansubgroupof the full gaugegroup,as in
the open-stringcase.

The metric, dilaton and gaugefield beta functions at string tree-level and to
leadingorder in a’ aregiven by [10]

= R~+ 2V,~V~— ~

/3” = ~F
2 —R + c+ 4(V~)2— 4V2(I~,

f3~= V~,FJ’— 2V,,~’J5Ff’. (6.2)

Thesebetafunctionscan all be derivedfrom the effective action

S = fd2xfi~ e2~{R + 4(VcJi)2 — c — ~F2}. (6.3)

Unlike the hetenoticstring in critical dimensions,the central chargec will be
non-zerohere,which is crucial for the existenceof two-dimensionalblack hole
solutions,asin the bosoniccase.The actualvalueof c maydiffer from thebosonic
case,and will be given later. It is the only way in which (6.3) dependson the
specific details of the heterotic string construction. The antisymmetnictensor
backgroundcontributesonly throughits field strengthH

5~,which vanishesin two
dimensions,so it hasbeenomitted.

We look for a metric of the form (2.3) and a dilaton background(2.7). The
requirementthat the betafunctionsvanishthenreducesto

— Qg’ +f
2 = 0, (6.4)
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(f e~)’ = 0, (6.5)

wherewe havewritten Ftr = ~Frt =f. The secondequationcanbeeasily solvedby
f(r) = %/~Qqe~’. Thenthe first equationbecomes

— Qg’ + 2Q2q2 e2@= 0. (6.6)

This is a specialcaseof the equationsconsideredin sect.2 with solution

g = 1 — 2m e_Qr+ q2 e_2Qr. (6.7)

As usual, asymptotic flatness requires c = —Q2. Notice that (6.5) tells that a
combinationof thegaugefield andthe dilaton field is a constant.This seemsto be
a generalfeatureof thesetwo dimensionalmodels, and a similar relation holds
also in the Bonn—Infeld caseas shown in (5.5). The solution (6.7) can havetwo

horizonsandis qualitativelydifferent from the chargedblack holeof ref. [4], which
was a solution of a D = 2 + 1 string theorycompactifiedto two dimensions.The
global structureof thissolution aswell as that of the half-loop open-stringsolution
is discussedin sect.7.

We needto describethe gaugegroup and internalspacewhich gives rise to a

hetenotictheory of the type describedabove. Hetenoticstring compactifications
with a linear dilaton backgroundand tree-levelcosmologicalconstanthavebeen
constructedin ref. [29], but in four non-compactdimensions.Non-critical super-
stringshavealso beendiscussedin nefs.[30,311.Our constructiondiffers in that we
choose a GSO projection which allows the tachyon to be present. For two
non-compactdimensionsthis mode turns out to be massless,as in the bosonic

string, andposesno problem.
Requiring that the total central chargeof the left (right) ghost, non-compact

space-time,dilatonbackgroundandinternal field theoriesvanishyields the condi-

tions

—26 + 2 + ~a’Q2 + E
1 = 0,

—15+3+~a’Q
2+cj=0, (6.8)

where(E
1, c1) are the (left, night)central chargesof the internal theory. Subtract-

ing the two equationsin (6.8), we get é1 — c1 = 12. We takethe internalchargesto
be E1 = 12, c1 = 0. Comparisonwith eqs.(6.8) then showsthat c = —Q

2 = —8/a’.
Our constructioncould be interpretedas a hetenoticconstructionwith a two-di-
mensionalsuperstningon the right anda 14-dimensionalbosonicstringon the left
compactifieddownto two dimensionsand giving rise to a rank-12group.Herewe
takethe internal theoryon the left to consistof an E

8 X SO(8)on SO(24) current
algebra.



436 MD. McGuigan, C.R. Nappi / Chargedblackholes

To be consistentat loop level, the appropriatelyGSOprojectedtheorymustbe
modular invariant.The approachwe follow is to start with a left—right symmetric
supenstringtheorywith worldsheetfermionson the left andright, that is modular
invariant.Then, by usingGepner’sconstruction[321,we will thenobtain a modular

invariant hetenotic theory with the left worldsheet fenmions replaced by the
fermionicrepresentationof a groupcurrent-algebra.

We imitatethe constructionof refs. [33,34],wherenew typesof ten-dimensional
superstningtheorieswere found by imposinga new GSO projectionwhich projects
out the spin- ~- gravitino. Our theorywill not be supersymmetnicandwill containa
tachyon,but in D = 2 that statewill turn out to be massless.We begin as in refs.
[33,34], by choosinga modular invariant set of boundaryconditionsin o- and T

which consistsof summingoven the same boundaryconditionsfor left and right
movers.Namely, we project the (NS, NS) sectorontostateswith (..)F+F 1 and
add a (R, R) sector also projected onto stateswith ( )F+F = 1. In d = D — 2
transversedimensionsone obtainsthreesectors(NS, NS), (N~,NS) and (R, R),
whereNS refersto NS statesof odd fermion-number.The partition function is the
left—right symmetrictheorywith wonldsheetfermionson the left and right is then

Tr[~(1+(_)F) e2 TM2I Tr[i(1+()F) e2~1T~2I

+ Tn[+(1 — (_)F) e2~~~M2J~Tn[~(1— (—Y) e2~1T~2]NS

+Tn[~(+(_)~)e2~rTM2]RTr[~(1+(_)F) e2~ITM2], (6.9)

where M2, A~2are the right and left (mass)2operators.
Performingthe tracesin d = D — 2 transversedimensions,we obtain the modu-

lar invariantpartition function

2d2 _d/2..............{(od/2 + od/2)(od/2 +T2 0,1d 3 4 3 4

+ (6~/2 — O~/2)(6~/2 — 0/2) + 2(6~/2)(O~/2)}

2d_1r_d/2~(IoId+IoId+IoId) (6.10)

Now one can obtain a heteroticconstructionfrom the abovetheory following
ref. [321.The point is that the aboveexpressionsO~~~’2+ ~ O~,/2— ~ and O~~2

are proportionalto the charactersof the SO(d)helicity group current-algebrain
the scalan, vector and spinon representation(denotedrespectivelyby b0, b~and
b~+ b~).It turns out that the charactersof an E8 x SO(8+ d) or SO(24+ d)
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current algebrain the scalan,vector and spinon representation(denotedrespec-
tively by B0, B~and B~+ B,) transform in exactly the sameway as the helicity
charactersprovided onereplacesb0 by B~,b~byB0 andb~+ b, by —B~— B,. This
amountsto projecting onto stateswith (_)F+F = —1 in the NS sector of the
fenmionic formulation of E, X S0(8+ d) on SO(24+ d). The partition function in
the S0(24+ d) hetenoticstring theorycaseis thengivenby

Tr[~(1 + (~)F) e2~~TM2]NS Tn[~(1— (~)F) e2~tT~2]NS,50(24+d)

+ Tr[~(1 — (~)F) e2~1TM2I~Tr[~(1 + (~)F) e2~1~2I~so(24÷d)

— Tn[~(1+ (~ )F) e2~~TM2]R Tn{2(1 + ( Y) e2~1TM2IR,SO(24+dY (6.11)

Note that the overall minus sign for the (R, R) sectorindicatesthat this is the
fenmionicportionof the partitionfunction. Performingthe tracesin eq.(6.11), the
partition function becomes

~ (O~4)*((O~2+ 0d/2)(012±d/2 — 012+d/2)*

— 6~/2)(O~2±~2+ O~2~2) + 2(O~/2)(_O~2~/2)), (6.12)

and is modular invariant. Again the GSO projection amounts taking an extra
minussign for (— iY in the NS sectorof thefermionic formulation of SO(24+ d).
For the special case of D = 2, with no transversedimensions, the partition

function is given by

(o~)*(o~2- ~ - O~2). (6.13)The first two thetafunctionsgive thebosonicpartitionfunction, andthelastoneisthe fenmionicpantition function.It canbe shown quite generallyusing the transformationlaws of ref. [32] that

aB~+ pB~+ yB, is a modular invariant combinationof the charactersof S0(24)
whenever a + /3 + y = 0. Our construction picks out precisely the combination
2B~— B~— B~.The samecombinationof charactersof SO(8) times the singlet of
E8 yields a modular invariant partition function associatedwith the gaugegroup

x SO(8).
We will now describethe low-lying statesof the S0(24) hetenotic theory just

constructed.The only physicalparticleis a massless“tachyon” transformingunder
the fundamentalrepresentationof SO(24). The vertex operator for this state is
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e~~i’(2) ~ where 4, is the bosonizedsuperghostand jç
1J~’~/JJyields the

fermionic realizationof the current algebraof SO(24),with I, J = 1,. . . ,24. The
notation Q X is as in the open-stringsection. Only the r-componentof Q is
non-zero.

In addition, although they do not exist as particles, it is possibleto associate
vertex operatorswith the graviton,dilaton, antisymmetrictensorand gaugefield,
whose backgroundscan appearin the sigmamodel. The vertex for the gravity
sectoris ~ e~~

72.An SO(24) gaugefield is associatedwith the
operatore i/i’~(z)(i4i’tJi’)(2)~

In the (R, R) sectorwe havefermionic backgroundsassociatedwith the vertex

operatorse_4 /2Sa(z)SA(~)e~A72ande ~~‘2S~(z)SA(2) eX~/2where S”
(S”) is the positive (negative)chirality spin operatorof S0(2) and

5A (SA) is the
positive(negative)chirality spin operatorof SO(24).

7. Black holegeometry

The usualchargedblack hole metric is

2m q
2 2m q2 ~‘

ds2= — 1 — + —~ dt~+ 1 — — + —~- dr~. (7.1)
r r r r

The asymptoticflat region is at r = ~, and the curvaturesingularityat r = 0. The
Reissnen—Nondstrom(RN) geometrycorrespondsto the casewhere the two roots

r~= m ±~/m2 — q2 are both positive. The cases with m <0 (both roots are
negative),on the case m2 — q2 <0 correspondto a naked singularity, since the

singularityat r = 0 is not protectedby anhorizon. The case r <0 <r~< is not
usuallyconsideredsinceit would correspondto imaginaryq. This would however
be a Schwanzschildtype of black hole, since one of the horizons is behind the
singularityand doesnot matteranymore.

We first discussthe space-timeinterpretationof the metric obtained in the
heteroticcase,

ds2 = —(1 — 2m e~ + q2 e2~)dt2+ (1 — 2me~ + q2 e2~)’ dr2.

(7.2)

The asymptoticflat region is r = + (since Q is positive), and the curvature
singularity is at r = —~ (since R = —g”). If we define y = ~ the curvature
singularity is at y = ~, the asymptoticflat region is at y = 0, and there are two
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apparentsingularitiesat y,
2 = q

2(m±~/~2 — q2). We study the casewhere the
two roots aredistinct y

2 > y1 > 0 (We areassumingm > 0, and q real. In the case
m <0, one gets two negativeroots, anda nakedsingularityas in (7.1). Finally, the
casewhenone root is positive and the other is negativeis of the Schwarzschild
type, sinceone of the apparentsingularitiesis behind the asymptoticflat region.)
In the y-variablethe metric reads

1 dy
2

ds2 = —q2(y —~1)(~—p2) dt2 + q2Q2 ~2(~ _~)(~~ . (7.3)

Along the linesof ref. [35], this metric canbe put in conformalform

ds2= —q2(y —y
1)(y —y2)(dt

2— dr*2) (7.4)

by the transformation

1
= —~logy’bo( ~ — ~1)( ~ — ~)a2 (7.5)

The a, are fixed by the partial fraction decomposition

1 a, a, a
2

=—+ + , (7.6)
-v(~—v1)(~—~2) ‘ y.vi ~

with a~’=y,y2, aj’ =y1(y, —y2), a~’ =y2(y2 —y1), and a0 + a, + a2 = 0. Notice

that a0 > 0, a, <0, a2 > 0. The metric (7.3) can be put in the null-form of the
Kruskal—Szekenesvariablesby introducing

u,2 = e~~12(~*+o), 1)12 = c’
2, (7.7)

where Yl,2 = Qq2(2a
12Y’.This choiceof Y1,2 eliminatesthe apparentsingularity

at y = y,2. The null-coordinatessatisfy the relations

a / a2/a1u,u1=y ‘(y—y,)(y—y2)

u2v2 =yao/aI(y —y,)(y —y2). (7.8)

The Penrosediagram can be built by introducing the coordinates~,1iand ~
definedby u = tan ~(i/j + ~) and v = tan ~ — ~). Patching togetherthese two
patchesgive rise to the usualRN geometry,as shown in fig. 1.
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Fig. 1. Penrosediagramfor the Reissner—Nordstromgeometry.

The cosmologicalconstantcontribution from open string loops gives rise to a
very similar metric

ds2 = —(1— 2m e_Qr+ 2b e_Qr/2) dt2+ (1 — 2m e~r+ 2b e~2)’ dr2.

(7.9)

The U(1) string has b = is/c, while the q = 0 limit of the non-abelianopen string
has b = (i~/c)(N+ 2ii). In terms of the_variabley = e~’~’2the two apparent

singularities are at y ~= (1/m)(b±Vb2 + m). For m > 0, one always gets a
positive and a negativeroot, therefore a Schwarzschild-typesolution. For m <0
and b <0, the roots arebothnegative,andone getsa nakedsingularity. If m <0
andb > 0, bothroots are positiveandonegetsa RN blackhole in this case.Notice
that we can get a RN black hole eventhough in this casethe black hole is not
charged.(However, the case b <0 appearsto be more relevant to the string
solution, since i~> 0 and c <0.)
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For the generalchangedopen-stringblack hole, certain rangesof parameters
can lead to more interesting solutions.In this case,using the order q2 solution

(5.9), the metric is

ds2= —(1 — 2m e~r+ 2b e_Qr/2 + ~2 e_3Qr/2)dt2

+ (1 — 2m e~r+ 2b er/2 + ~2 e_3Q~2)’ dr2, (7.10)

with ~ = 2~”2q/Q. In terms of the variable y = e~’72 the coefficient of the
metric is cubic, and therefore the metric has three apparent singularities at the
threeroots y,, y

2 and y3, which satisfy

2m /~3b4
2

Yk~ l2Vl~~°k

3b~2—3/2 9b~2 274~
cos(30k)= _(i_-~_,~-) (i_~-~~_ 16m3)~ (7.11)

The geometry is simplest when b = 0, as for the SO(2) case. When 0 s~

~ ~, there are three real roots. Since the 0k areeachseparatedby an angle2ir/3
when b = 0, it follows that for m > 0, two roots are positive, and one negative,
giving a RN geometry. If m <0, then one root is positive,giving a Schwarzschild

geometry. Outside this rangeof parameters,thereis one real root, whosesign is
always negative,giving a naked singularity. If b * 0, then the condition on the
parameters(m <0, b <0, and ~2 <0) could allow for all threeroots to be realand
positive.However, sinceN + 2ij is alwayspositive, b and ~2 alwayshaveopposite
sign, and this conditioncanneverbe satisfied.Onecan show that this is true also

for the completeBorn—Infeldblack hole metric in (5.9). Namely, in principle the
function in (5.9) could haveup to threezeroesat positive y~,but this does not
actually happenfor the samereasonmentionedabove. Nevertheless,geometryof
the caseof threepositive roots is sufficiently interestingto merit closerattention.
In fact, higher-loop corrections will lead to higher-order polynomials in y, as
discussedin sect.2. Thereforemultiple positive roots may be expectedto occur in
the genericloop-correctedstring theory.

Whenthe threerealroots are all distinct andpositive, 0 <y
1 <y2 <y3 ~ the

equivalentof (7.5) is

r*=aology+ailog(y_y,)+a,log(y_y2)+a3log(y_y3), (7.12)

where the a, coefficients are defined by the partial fraction decomposition

1 a0 a1 a2 a3
+ + , (7.13)

y(y—y,)(y—y2)(y—y3) v y—y1 y—y2 y—y3

with a0= —(y1y2y3)~etc.anda0+a1+a2+a3=0.
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The transformation(7.12) allows to write themetric in the conformalform, and
the equivalent of (7.7) puts it in a null-form. This time we need to choose three y,,

eachto eliminate an apparent singularity,

u, = e)~*+t), 1), = ~ (7.14)

where y, = (2a,Y’, i = 1, 2, 3. To understandthe geometryof eachpatch, the
relations

a /a a
2/a,

U~V~=y ‘(y —y1)(y —y2) (y —y3) -

a /a a,/a2 a~/a2

u2v2=y 2(y_y~) (~—~2)(~—~3)

u3v3 = yal/a3( ~ — y,)( ~— ~)( y — ~ (7.15)

are helpful. Since the a, have alternate signs, the ratios of a2/a3 and a2/a3 are
negative.Therefore,u1v1 = Oat y =y, and u,o~= at y =y2, andsimilarly in the
other patches.Every time we cross a line y = y~,the spaceand time coordinate
interchangerole. So in this casethe singularity at y = is spacelikeagain,as in
the Schwanzschildcase.The final Penrosediagramis the two-dimensionallattice
illustrated in fig. 2. When higher-order loop corrections are included, one can
obtain evenmore positiveroots in principle, leadingto moreintricate geometries.

I /J~ I J~~I /~\ ~ /
~ ~
Y7/\ ~/ \ ~ ~\ ~

/~‘

\\J~ ~ / \~ ~
II II

/~0 ~ \~/ ~
~ I I I

0 / \ 4./~\ 0/ 0

H ~II
y=oo / *J. \Y00

,~4./ .b\ /
/ J- \ / Aq~ \

/ c~ ‘1~’
\ 2

/

/ /y~oo’ / yo \ ~4’ y—oo
II / II

~\ ~/ ~o P /

I ‘ “~/ I ~ I ~ I

Fig. 2. Penrosediagramin thecaseof threepositive roots.Thedottedareasarenot partof space-time.
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8. General charge and massformulas

The computationof the changesis a straightforwardapplicationof Gauss’slaw.
First, consider the heterotic string effective action (6.3). Adding a source

— f d~x~ to the action(6.3), showsthat theconservedcurrentdensityis

J,, = V~(e2”’F,,.~,). (8.1)

Chargeis the integralof .1, over r, which is just thevalueat r —~ of e24~Ftr.This
quantity is independent of r by the equationsof motion. Then the change of the
black hole is

~= fdrJ(r) = (e2~f(r))r~= ~Qq e2~, (8.2)

usingthe solution of (6.5) togetherwith Q =

The Born—Infeld caseproceedssimilarly. In this case,A” was nescaledby a

power of a’, giving it dimensions of length, so the appropriate current coupling is
—(2~a’)~”2fd2x ~ Tr(J,,A”). Then the current derived from (4.20) is

J~= ~~a’KV~[e ~— det(G +F) (G —F2 L1~ (8.3)

where the r.h.s. of (8.3) is connectedto (3.2) via Bianchi identities as in ref. [7].
The quantityin bracketsis constantfor a solution to the equationsof motion, and
gives the physical charge

= V2~a’~q e”’° = 8Aq~~7a’)e”” (8.4)

of the black hole,whereA is the dimensionlessparameterdefiningthe normaliza-
tion of the one-loop partition function in (A.1) of appendix A.

We now discussthe masses.In generalrelativity the mass is determinedfrom

the asymptoticbehaviour of the gravitational field. Any gauge field or loop
inducedcosmologicalconstantthat might be presentcould changethemassvia its
contribution to the behaviourof the gravitational field at infinity. In ref. [1] the
mass of the black hole was computed using the standardADM prescription,
namelyby pertunbingthe black hole solution aroundasymptoticallyflat spacewith
a linear dilaton. Wecould follow the ADMprocedure as well. Wewould then find
that in all casesdiscussedin this paper the massstays unchanged,and it is the
sameas in ref. [1]. The reason is that the changesin the dilaton stress-energy
tensor

T~— -2’Pf~G I
— e ~ +
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coming from ioop corrections,as in (2.10), arecancelledagainstthe changein the
metric, as in (2.11). However we will not follow the ADM derivationhere,but
choose to start from a quasi-local mass formula, an approach that might be of
interest in its own merits. We will find of coursethe sameresults, and eventhe
detailsof the calculationare practically the same.In any numberof dimensions,it
is actually possibleto give a local definition of the energydensity, provided one
considersonly spherically symmetric solutions [11]. The physical reason is that
there are no gravitational S-waves,so one can unambiguouslydefine the mass
enclosedin a sphere,and constructa conservedmatter stress-energytensor. In
D = 2, there are never any gravity waves. We can think of this as a degenerate
sphericalcase,and look for a massdensityfunction whoseintegral from — to r
gives the mass to the left of r. We will find a conservedvector, whose time

componentis the massdensity, and show that its integral reproducesthe ADM
results. The main point is that in two dimensionsone doesnot needto perturb
about flat space-timein order to define a conservedcurrent. Indeed, taking
inspiration from ref. [36], one can define

S~= ~VJ�”~TA~0VI. (8.6)

Since ~ — ~ vanishes identically in two dimensions, the equations of
motion imply T~”’~+ T~”’~= 0, (we omit the tachyon or include it in T~’~).Therefore

(8.6) can be also written as

S~=—~l/~c~TA”’~0V& (8.7)

Starting from the definition (8.7) we show that in all the caseswe examinein this
paper 5” is a total derivative, S” = e”~0~wwith an appropriate w, so that S~is a

conservedcurrent.
We will first compute w for the standardblackhole[1]. We find convenientto

work in the target space conformal gauge ~ = g’q~~ so that our variablesare t

and r*, as in sect. 7. Then the components of T~’~(with no loop correction
included so fan) are

T,~= e2~(2~~+ 2~~’— 4~2+ 4~~2— 4~ +

Tr~r*= e24(2~~+ 2~~’+ 4~2— 4~~2— 4~ —

= e2~(2~~’+ 2~—~— 4~’)~ (8.8)
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wherethe primes denotederivativeswith respectto r”, i.e. D’ = g dcD/dr. In this
case

4
w = —e20(cP2 — D’2) + —~==-e2”’. (8.9)

g Va

This implies that 0,.,S” = 0, so that 5” is a conservedcurrent.The componentS~
representsthe conservedmass density, and

5r* measuresits flow in non-static

situations. In an asymptotically flat casewith a linear dilaton background,S”
reducesto the linearized 5” defined in ref. [1]. Thereforeit will reproducethe
ADM massresult in that case,as we will check.

The idea of usingthe scalanfield w to define a local masshasbeendiscussed
extensivelyby PoissonandIsrael [371.For a static solution,S~definesa conserved

mass M(r*) = fr* dr*S
t(r*). Therefore, up to an integration constant, M(r*) =

w(r *) definesthemasscontainedinsidea distancer”. For a non-singular solution,
the integrationconstantwould be unambiguously[11], and would correspondto
taking the lower limit to — in this integral. However, we are interestedin a
solution which is singularat that point, so we insteaddefinethe black hole massto
be M = w(~)— w,~(oc),where ~ is the massfunction for “empty space”, i.e. for
parametersm = q = 0 in the black hole metric. In the absenceof a cosmological
constantw

0 = 0.
For the static solutionswe haveconsidered,M can be expressedas anintegral

over the matter stress tensor componentT~’,giving further evidencethat this
definition of the mass is physically what one would expect. Note that evaluating
(8.6) for j.i. = t gives

(8.10)

Usingthe dilaton ansatzcP = — (2/ ~I~)r, we obtain

M= fdr*7~~(r*)= fdrglTrn. (8.11)

This showsthat themassis determinedby the energydensityof the mattersource.
(Theexpression(8.11) is an alternativeway to verify the normalizationof S”.)

Evaluating the mass formula (8.9) on the classical solution one can relate the
parameterm of the black hole solution to the physicalmass.The resultis

M= ~r=m e
2~°. (8.12)
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This expression is in agreement with Witten’s [1] definition of the mass if we take
2m = 1. This agreement with the ADMresult is a sign that our definition of the
massis physically reasonable.

Given the black hole mass one can now determine the black hole entropy, which
is given by

S=PHM+ln Z=~/~)(~m e2~) =8~me2~°=~/~M.(8.13)

Here PH is the inverse Hawking temperature of the two-dimensional black hole
and ln Z is the euclideanaction which can be shown to vanishfor the ordinary
closed-stringcase.(This expressionhas also beenobtainedby ref. [38].)

As derived, the massformula (8.9) is valid only for the ordinary closed-string
action (3.5). However, the same principles will apply in general. Other theories will
havenew contributionsto the stress-energytensor,which mustbe includedin eq.

(8.7), leading to a modified massfunction w. For example, the loop-corrected
effective action to the two-dimensionalclosed string, including the cosi~iological
constantterm (2.9) for n = 1, yieldsa massformula

= (~2 - ~ + ~e2~ -

8
= -2’P,,~ —A’I (R 14

r~ -~ 0
va L

Subtractingw
0 = /~7A’I,gives the samevalue(8.12)as the standardblack hole.

In the open-stringcase,the loop-inducedcosmologicalconstantmodifies the mass

formula as follows:

w = ~(~2 — ~P2)~ + ~e2~ + +V~Ae~. (8.15)

However, the actualvalue of M is independentof A, and is identical with the
standardresult (8.12). (In this case,as in all of the following open-stringresults,

= 0, and no subtraction is needed to obtain the mass.)
Finally, we turn to the mass formulas of the charged black holes. In the

heterotic case we obtain

w = ~e2~(~2 — ~~2) + Q e
2~+ ~ e2~ (8.16)
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while the open-stringBorn—Infeld actionyields

2 N
= —_—e20(D2 — 1’ ) + —~-e2”’ + K’,/~J 1 — — — e

g Va 2

1/2
_K~e~(1+ 2~2) + ~sinh1(e~~). (8.17)

In either case,evaluatingtheseformulas gives the mass 2Qme~°but for the

heterotic case Q = ~ whereasin the bosoniccaseQ = 4/ ~

9. Conclusions

In this paper we have investigated more general black hole solutions to
two-dimensionalstring theory. The modificationshavebeenobtainedintroducing

gaugefields by coupling them to the boundaryof open strings. We have shown
how theseconnectionscanbe derived in the contextof two-dimensionalstrings by
applying the techniquesof boundaryoperators [9] and BRST invariance. Our
results hold only in the leading order in a’. Since the completion of this work,
some further analysisof the two-dimensionalopenstringhasappeared[39], which

possibly leadsto an exacttreatment.
Anotherwayto couplea gaugefield to stringsis to constructa heteroticstring.

We found such a theory with an E, X SO(8) or SO(24) gauge group. Applying
background field methods allowed us to find a second form of changed black hole
solutions. These are pure closed-string tree-level solutions, although the space-time
metric hasthe sameform as the loop-correctedones.Our solution appearsto be
different from thoserecentlydiscussedin refs. [4,6].

The solutions havegeometrieswhich can be identified with Schwarzschildor

Reissner—Nordstnomblack hole solutions. Both the open and heteroticstring
theorycangive rise to eitherclassof solutions,dependingon the rangeof charge
and mass parameters.Models with a cosmological constant can lead to a
Reissner—Nondstromgeometryeven in the absenceof charge.

Multiple event horizons could be the generic case when higher-order loop
corrections are included, leading to very intricate geometriesin general. We
examinedin detail the caseof three event horizons. In this case the Penrose
diagramtiles the plane.

We wish to thank D. Kutasov, 0. Lechtenfeld, S. Trivedi, J. Polchinski and
especiallyZ. Qiu for useful discussions.S. Yost thanksthe Institutefor Advanced
Study for its hospitalityduring the completionof this work.
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Appendix A. Open-string partition function and factorization

In this appendix, we check that the boundary state plays the usual role [9] in
factorizingthe open-stringpartitionfunction.This fixes its normalization,oncethe
one-loop open-string vacuum amplitude is given.

The one-loop open string vacuum amplitude may be expressed as a product of
partition functions for the string modes,

Z = A2f_Zx(T)Zghos,(T), (A.1)

where we are considering a strip of width ir, whoseendsare identified after a
propagationtime 2irir. The open-string one-loop coupling constant is A2, the
squareof the tree-levelcoupling. Choosinga convenientnormalization,

d2P

Zx(T) = 83Ta’f
2Tr e

2’~”=(_irir)l~_2(r), (A.2)
(2w)

where the open-string hamiltonian is [23]

Ha’P2+ Ea~~—~ (A.3)
n==1

including the normal-orderingconstant— 1/24 perboson[23], and

~(r) = (—iT) _1/2~(— l/r) = e~’~2fl (1 — e2~1t1T)

is the Dedekind eta function. The momentum P, includes the shift by —iQ/2
explainedin sect. 3, but this doesnot affect Z~.sinceP is integratedfrom —~ to
~. The ghost partition function is simply [23]

Zghost(T) =~2(r). (A.4)

A Jacobi transformation T —, — 1/T transformsthe partition function to the
closed-stringchannel,where it may be interpreted as an overlap of boundary
states.The resultof the Jacobitransformationis

Z~(r)= 1a1/6 ~ (1 — a2”) —2

Zghost(T) = — —a1”6 fl (1 — a2n)2, (A.5)
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where a = e~1,/Tis the modulus of an annulus conformally equivalent to the tube
of length — In a. The total partition function is then

p1 daZ=A21
~o a

This has a logarithmic divergence at a —‘ 1 from the “tachyon” tadpole. In the
presenceof backgroundfields, Z is multiplied by [8]

det[G(x) +F(x)}. (A.6)

Eachof the partition function factorsin (A.l) may be individually expressedas
an overlap of the appropriate boundary states in the closed string channel. The
ghostpartition function is factorizedin ref. [9], and it is easyto checkthat

Zx(T) = (B I ~ I B)~. (A.7)

Therefore,the boundarystatesplay the samerole in factorizing the loop ampli-
tude as they do in the critical case.The normalizationof the boundarystate is
fixed by the normalizationof the one-looppartition function via (A.7), which in
turn fixes the normalizationof the loop correctionsto the betafunctions.
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