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Work and Energy — Part 2
Work in 2-3 Dimensions,
Changing Forces

Announcements

* Monday: problem set 7.
» Assigned Problems: Ch. 7:
2,7,15, 16, 22, 31

There is no “potential energy” in this set: we
will cover that next week with Chapter 8.

 Today: Ch. 7:sec. 4 -7

Topics: Work and kinetic energy in more
than 1 dimension, the dot product, and
work due to changing forces.




Work by Centripetal Force?

* What is the work done by the v
centripetal force in uniform
circular motion?

The KE is constant: K =1 mv2.

Therefore, if the work-energy
theorem still holds in two
dimensions, the work is W = 0.

2-dimensional work is defined so
that this is true: a force
perpendicular to the motion
does no work.

Work in More Dimensions

Consider a case where the
displacement is along the x
axis, but the force is not.

Only the component of the
force parallel to the

displacement changes the
speed of an object, so only f

the parallel component of F

contributes to work. X
W=F, x=Fxcos 0




Work in More Dimensions

In general, if the vector R
has components x, y the
work done by F when the
particle moves along R is

W = FR cos 0 F
=k X+ Fy
0
This is the sum of the 1d —
work done in each R
dimension.

Work in More Dimensions

This defines a type of product of
two vectors which produces a
number.

In general,
A-B=ABcos0 B
=AB,+ A B,

is called the dot product or 0
scalar product of A and B. —

You can add z components the
same way if needed.




Work in More Dimensions

The work is the dot product
of the force and
displacement vectors:

W=Fx+Fy

=FR cos 0
=F-R 0

-
R

Work and Energy

General kinetic energy:
— 2 — 2 2 2
K=%mv:=%m(+ vz +Vv/7)

Work Energy Theorem: Fﬂ
AK = W.

For a constant force:
W=Fx+Fy+Fz=F*R

The multi-dimensional Work-Energy
theorem is obtained by adding up the

work and kinetic energy in each of the
dimensions separately.




Example

- Aforce F=3N1+5N jis applied while a
particle is pushed with constant velocity
v=4m/s1—3m/s]. How much work is
done by the force F while the particle
moves 10 m?

W = FR, but what is R?
R=vt. t=20s.
R=8mi-6m j

W = (3Nx8m) — (5Nx6m) = -6 J.

Example

* What is the angle between the force and
direction of motion?

Fv =Fv cos 6.

Fv =3x4 Nm/s — 5x3 Nm/s = — 3 Nm/s.

F=(32+5%)%N=5.83N

v=(32+42)%m/s =5 mls.

cos O =Fv/Fv= —23/(5.83x5) =-0.1029
0 = 96°.

Work is positive for acute angles, negative




Work by a Changing Force

 |f the force is not constant, but is constant in
sections, then the total work is the sum of the
work for each section. In this case,

« W= (2N)(2m) + (3N)(2m) + (IN)(3m) = 13 J.

Force (N)
N

Work by a Changing Force

* Notice that the work is the area under the graph
of the force as a function of distance: the sum of
the three rectangles shown.

» This definition of the work can be generalized to
a continuously changing force.
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Work for a Changing Force

For any function F(x), the
area between the x axis
and the curve F(x) can be
found, and gives the work ,
done by the force over
that distance.

Positive work of about 7 J is i
done between x =0 and
4.5 m, while negative work ?
of about —6 J is done from 3
4.5to 7 m, for a net work
of 1 Jover all 7 m.

F(N)

A

Work for a Changing Force

What is the work done by
the force shown, which
decreases from +2 N at
x=0to-1Natx=7m?

Find the area under the
curve

F(x) = 2N — (3N/7m) x.
The area above the axis is
considered to be positive,

and below the axis is
negative.




Work for a Changing Force

Zero crossing at x = 14/3 m.

Positive work = area of triangle: F(N)

W, = Y% (14/3)(2)J = 14/3 ]

Negative work:
W, =-% (7/3)(1)J = -7/6 J.

Total: W =W, + W, =7/2]
=351

Work for a Changing Force

There is a name for
this area: it is called
the integral

W = | F(x) dx
The upper and lower
limits of x can be

shown on the
integral sign:

W = | F(x) dx




Fundamental Theorem of
Calculus

« If f(x) is the derivative of g(x), so that
dg/dx = f(x) , then the integral of f(x)
between x =aand x=Dbis

b

[ f(9dx=g(b)-g(a).

a
« This means that finding the derivative and
integral are inverse operations: g(x) is
called an antiderivative of f(x).

Example

 If f(x) = x" find the integral of f(x) from x=a
to x=b.

The derivative of x"*!is (n+1)x", so f(x) is the
derivative of g(x) = x"*/(n+1).

b
n _ _ _L N+l on+
!x dx = g(b) g(O)—n+1(b t_am)

This works for any n except n = —1.




Work for a Changing Force

Find the work done
between x=0and 7 m
for the force F(N)

F(x)=2N - BN/7Tm) x. |

F(x) is the derivative of oo e
G(X) = (2N)X — BN/LAM)X  2f--torpor b

R B e e e

W = TF(x)dx — G(7Tm)—G(0) :14J—3X:9J —35.
Work by a Spring

Springs push back with a
force that increases
with compression. F

- dealized Sor — |
or an idealized spring, —
F = —kx, if x is the MW x

compression from the

equilibrium position. x=0

S|gn Convention: F? —kx is called Hooke’s Law.
compression is Itis ?dgzﬁgggtglerilﬁw for an
negative, extension is Pring.

positive.
Equilibrium position x=0.

k is called the spring constant.




Work by a Spring

How much work
does the spring do o
on an object ifitis —

allowed to act on it Mw

while it returns to _
its equilibrium L <20
position after being

compressed a total

distance L?

Work by a Spring
Measure the position

of the object in its i
direction of motion, >

with x = 0 at the !
uncompressed MMNQ

spring. L i
F(x) = —kx ”
(since x<0)

w :J.LF(x)dx=—kJ.Lxdx -~ loy (- |_)2]=g|_2




Work by a Spring

Graphically, the
work is the area
under a plot of
F(x) on a graph
of force as a
function of
position:

W =%k L2

...............................

W =%k L?

General Work-Energy Theorem

We skipped this in class, but here is a proof that W = AK for a changing force.

For a general force in one dimension,

W =[F(x) dx =m [ a(x) dx = m | (dv/dt) dx

Use dx _d—dv and get

dv

W = j@%d

J. P

dt dv

ThenW =m /| (dx/dt) dv=m | vdv

=% mvy

— Y2 mv;?

The antiderivative
of v Is %2 v2,




