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Overview

* Typically, each type of Feynman diagram (massless, single-scale,
multileg, massive, etc.) has required a new technique.

®* The Hypergeometric representation is a powerful tool applicable to many
different kinds of diagrams. The universal properties stemming from the
existence of this representation should be investigated.

® Dimensional regularization creates a need to characterize the
coefficients of the expansion of hypergeometric functions about rational
values of the parameters.
® Qutline:
© Representation of Feynman integrals
© Integration-By-Parts (IBP) techniques
© Hypergeometric representations
© Differential reduction
© Approaches to constructing the epsilon expansion
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Feynman Diagrams: Basic Definitions

Quantum field theory amplitudes are represented as a sum of Feynman
Diagrams , graphs for which each edge (or internal line ) and vertex is
represented by a factor in a term of the quantum amplitude.

The lines are interpreted as particles, parametrized by a mass m and a
d-dimensional space-time momentum vector p.

The vertices are 3- or 4-valent in renormalizable field theories.
Each internal line is associated with a factor

1
q; —m;
in the amplitude, called a propagator . (¢* = ¢3 — q¢5 — -+ - q5_;.)

Feynman diagrams usually include half-edges, called legs or external
lines , for which the momenta will be labeled p,.

There may also be a momentum-dependent numerator, depending on
the particle type (scalar, spinor, vector).
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Feynman Diagrams: Basic Definitions
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* The first diagram is a tree. It would be associated with a propagator having
momentum q = p1 + p2 = —p3 — p4.

* The second diagram contains a loop, in which one of the momenta of the internal
lines (labeled k) is unconstrained and momentum conservation implies

g =p1—k, g@=p1+p2—k, qg=p3+k, pi+p2+p3s+ps=0.

* Integrating over all unconstrained momenta gives rise to a Feynman Integral . For L
loops and n internal lines, and allowing the propagators to be raised to powers v;,

L n
1
FG:/”ddkr”
r=1 =il (g5 —mj)*
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Feynman Integral: Schwinger representation

Using Schwinger’s representation of the propagator,

1 O j—1 (a? — m?2
oy =Gy e’ e lio(s? — )]

and the relation

/ddkl -d kLeXp[ (ZA”kk +2Zrz )]

— L=/ 1 Ld/2 (qop A)7/2 oy [—i Z Ai’;mrj] )

,J

the Feynman Integral can be written in the form

dozkoz”’“ o (O & .
H/ D) UZ°° Z<Ulz_go”ml |
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Feynman Integral with Numerator

dozkoz”k | [ Q - .
H/ R Z<U;mlal>] |

® The functions U, () are homogeneous functions of the parameters « of
degree L and L + 1, respectively. These functions can be derived from
the topology of the corresponding Feynman graph G.

® A diagram with a numerator can be presented in a similar form by
differentiating with respect to components of a vectors a:

q’ul o0 c qlin _
(¢ —m?))
3, § i

, dozozj_lexp ian—m2—|—aoq
da,,  Oay, TI'(j) /0 i ) =0
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Example: 2 Loop Propagator Insertion

This diagram has 2 independent loop momenta k1, k2.

f |
Construct o representation... P K
. 5
Fo =i Z

p-k
oo dosad 1
/ / jo ]d/2 exp [ <Q(O€ ,a1,a2) l’”%)]

(D'

where
Ul) = as(ar+as+asz+aq)+ (a1 +a3)(az + aq),
Qla,ar,a2) = [(o1 + a2)(as + as)as + araz(as + au) + agau (o + az)]p?
+(pa1)Q1 + (pa2)Q2 + a?Q11 + a3Qa2 + (a1a2)Q12,
with
Q1 = o«a3a5+ agos+ asaz + asay, Q2 = aqgas + asas + a1oyq + azay,
1 1 1
Qi1 = —Z(OQ + a4+ a5), Q22 = _Z(Oél + a3 +as), Q2= —5 %

S.A. Yost Hypergeometric Representation of Feynman Diagrams A.M.S. Meeting, New Orleans Jan. 9, 2011



Dimensionally Reqgularized Feynman Integral

®* The Feynman integral frequently diverges in the number of dimensions
of interest.

®* The dimensionally degularized Feynman integral is defined via this
equation, treating the d as a complex number. Typically, d = 4 — 2¢.

®* Dimensional regularization simultaneously renders UV (large

momentum) and IR (small momentum, for massless particles)
singularities finite.

® |ntegration by parts (IBP) can be applied to the regulated integrals:
0
dk—G=0.
| e,
® This fact has been very useful in evaluating Feynman integrals.
FV. Tkachov, Phys. Lett. B100 (1981) 65;

K.G. Chetyrkin and FV. Tkachov, Nucl. Phys. B192 (1981) 159;
O.V. Tarasov, Phys. Rev. D54 (1996) 6479
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IBP Relations and Master Integrals

Integration by parts leads to a set of recurrance relations among diagrams
of a given topology but different powers of the propagators.

The full set of recurrence relations should be solved by finding how the
integral with powers of propagators (j; + jo + - - - + jx) reduced to
integrals with powers (j; +j2 + -+ jx — 1)

The method involves taking derivatives of each integral with respect to
momenta and reducing it to the original integral.

The relations found permit a reduction to a basis set of master integrals In
terms of which the diagrams of this class may be expressed.

For new integrals which may appear within the reduction, the procedure
IS repeated.

Laporta, Int.J.Mod.Phys.A15 (2000) 5087;

Anastasiou, Lazopoulos, JHEP 0407 (2004) 046

Smirnov, JHEP 0810 (2008) 107 [arXiv:0807.3243]

Studerus, Comp. Phys. Commun. 181 (2010) 1293 [arXiv:0912.2546]
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IBP Example

One-loop Feynman integral with an arbitrary power of the propagator:

The IBP identity

leads to a recurrance relation
(d—2n)I, — 2nm°I 41 =0

with solution
(-1)"T' (n+1-— %)

M =
(n — 1)Im2(»-DT (1 — £) '

with a single master integral

I, = —in??md2r (1 _ g) .
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Feynman Integral: The Feynman Parametrization

® The Feynman parametrization IS based on the identity

- S(1—21...—zy,
1 T [ anr SO n )
D ['(vy) Pl (x1D1+ ...+ x, D)

1=1

with v =>"" | v;.

® The Feynman Diagram can be reduced to the form
dakal/k 1 1B (V——) Uv— (L+1)d/2
T S (e |
z (U X2y mioy — Q)V~ 14/

for some appropriate functions U and () of the parameters, where

V=), Uk
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The Mellin-Barnes Representation

The Mellin-Barnes representation relies on the identity

1 1 1 V+oo B*
(AT B) :F()\) - /_. dzT'(—z) (A + 2) i

Y —100

The contour is chosen to separate the poles in I'(—z) from the poles in
I'(A+ 2).

This relation is applied to the denominator in the Feynman Parametrization to
break it up into monomials in the Feynman parameters x;. The integration
over the Feynman parameters can then be easily performed in terms of I
functions,

ai— N ['(a1)...T(an)
/I_Id%Z ol b n>_F(a1—|—...—|—an)'

The Mellin-Barnes representation is obtained by applying this procedure to all
of the Feynman parameter integrals for a diagram.
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3

Example: Sunset Diagram

> / d%k1d%k-
G _—
(k1 — p)?2 — m7][k3 — m3][(k1 — k2)? — m3] p b

200 m§31m§32m§33
:/ dsi1ds2dss (—p2)sroztes ['(—s1)'(—s2)I'(—s3)

o F(d/2—1—Sl)F(d/2—1—SQ)F(d/2—1—83)
F(Sd/2—3—81 — S§9 —83)

~ 22T RS () 4/2,d/2,d)2,d)2; 21, 22, #3)
22 (1—q/2)F®)(1,2—d/2,d/2,2—d/2,d/2, z1, 22, 23)
2822 (1—d/2)F P (1,2—d/2,d/2,2—d/2,d/2, z1, 22, 23)
—I'(d/2 = 1)I'(1 —d/2)T(3 — d)FP(3—d,2—d/2,2—d/2,2—d/2,d/2, z1, 22, 23) ,

['(3—d+s1+52+453)

In terms of the hypergeometric function (in the case n = 3)

b ki ... kn
Fc(n)(a’7 b; Ci1,y- -~ 7cn;Z1,“'Zn> = Z (a)k1+ +kn( )k1+ +kn 21 P
e G LR GO

with arguments z; = mi/m3, 22 = m3/m3, 23 =p>/ms3.
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Epsilon Expansion

®* Normally, the dimension is taken to be close to an integer, usually
d=4—2e.

® The Feynman integral may be expressed as a Laurent series in ¢, called
the epsilon expansion .

®* The final goal of the evaluation of a Feynman integral is to obtain an
expression for all terms in the e-expanded Feynman Integrals.

A good representation of the ¢ expansion should satisfy the following
conditions:

¢ Stable numerical evaluation at the arbitrary values of agreements (the
values of mass and external momenta).

® Analytical continuation in any region of values of physical parameters;

® Ability to construct the Laurent expansion at an arbitrary complex point;

® Abllity to explicitly extract any logarithmic terms.
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Hypergeometric Approach

Attempting to achieve these goals has motivated studying Feynman diagrams

via hypergeometric functions. Hypergeometric representation  of Feynman
diagrams is motivated by a desire to achieve these goals.

The importance of hypergeometric functions to the study of Feynman

diagrams is rooted in the following conjecture, which has yet to be proved
rigorously.

Any Feynman diagram can be written as linear combination of H orn-type

Hypergeometric Functions with rational parameters.

We are not aware of any exceptions to this statement.
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Horn-Type Series Representation

Horn’s definition: a Laurent series in r variables,

H(Z) =Y C(m)z"

E : m My
C(m17m27°” 7mr)x1 ! SR S

my,Mma, - ,My
IS called hypergeometric If foreach:=1,--- ,r the ratio

Clm+e;)  Py(m)
C(m) Q;(m)
IS a rational function in the index of summation: m = (mq,--- ,m,), where

e; = (0,---,0,1,0,---,0), is unit vector with unity in the j** place, and P;, Q;
are polynomials.
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Horn-type Hypergeometric Functions: Solution

Ore[1930] and Sato[1990] found the general form of the coefficients,

mesz (HN F(Mj(?’ﬁ)Jr%))

sz 1 ( ( )"‘5k)

where N, M > 0, A\;,04,v; € C are arbitrary complex numbers,
Wi, vi : Z" — Z are arbitrary integer-valued linear maps, and R is an arbitrary
rational function.

The Horn type hypergeometric function satisfies the following system of
equations:
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Differential Reduction

Consider the hypergeometric series

00 K
H(®v;0;%) = Hj:lr(zr;:l’ujama—i_/w) mi .. pMr
770-737) — Z L r 1 Lr
miy,Mm9, ,mf,a:O ij:l F (Zb:l I/kbmb —|_ O-k:)
The lists ¥ = (1, ,v7x) and & = (o1, -+ , o) are called upper and lower

parameters of the hypergeometric function, respectively.
Two functions with lists of parameters shifted by a unit, ®(7 + €;; 5; £) and
®(v; 7; %), are related by a linear differential operator:
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Horn-type Hypergeometric Functions: Takayama

The inverse differential operators can be constructed:

H(j—€;6;:3) = Y So(&0,)H(F;6;7)
H(¥,G+E;3) = Y Ly(% 0:)H(7;5;%) .
b

In this way, the Horn-type structure provides an opportunity to reduce
hypergeometric functions to a set of basis functions with parameters differing
from the original values by integer shifts:

where Py(Z) and P,,, ... ,,,(Z) are polynomials with respect to 7, and 7 and
k, [ are lists of Integers.
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Example: Direct index-shifting operators

The generalized hypergeometric functions have the form

o 2 I (aa)w
) =27 O

k=0

!
its
—~~
)
SR
N
N—"
Il
it
s
-~
S QL

where (a)r =I'(a + k)/T'(a) is called a Pochhammer symbol. The lists
a=(a,---,ap) and b= (b, , by) are the upper and lower parameters of

hypergeometric functions, respectively.

Direct index-shifting operators may be defined as follows:

1

pFe(ar + 1, a; 55 z) = Bc_;qu(al,C_iS 55 z) = o (0+a1) pFy(as,a; 55 z)
F (@b —1,by2) = Hy »Fy(@; by, b;2) = bll—l (04b1 —1) yF,(a@; b1, b; 2) |
where ]
0 = ZE .
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Example: Inverse operators

For the special case ,+1 F}, inverse shifting operators satisfying

by 2) = B, p+1Fp(as,d b 2) |
Hy p1 Fp(@; by, b;

T
_+_
[t
&
VS
8!
S
_|_
I\
N—r
|

,Hji:bd' [dZH(Herl) s;(6)

j#i _ JF +
with p
][ (x+b; —1) —c
¢ = —ai|Jbj—1-a:), ti(z)= ——
j=1 ‘
e [I55 (2 + a5) — di
i = l+a; —0:), si ,
d [[0+a; b)), si(@) = ==——7—3

j=1

and the + subscripts on the brackets are shorthand indicating that a; — a; — 1,
b; — b; + 1, inside the respective brackets.
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Differential Reduction Example

In this way, any function ,1 F,(a + m; b+ k; z) is expressible in terms of a
single basic function and its first p derivatives:

{Rl(aia bj7 Z>9p + R2(az', bj, z)@p_l 4+ ...

+Rp(ai, bj, 2)0 + Rpy1(ai, by, 2) }m—le(C—Q 63 z)

where m, k is the set of integer numbers, and S and R; are polynomials in the
parameters {a;},{b;} and z.

Note: A Mathematica package HYPERDIRE has been implemented for the
differential reduction of hypergeometric functions and is available at

https://sites. googl e.conm site/l oopcal cul ati ons/ hone
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Invariants of the Hypergeometric Representation

Is there a correlation between the number of master integral s for a given
Feynman Diagram (via IBP) and number of basis elements in the

differential reduction of Hypergeometric Functions?

Consider the standard hypergeometric representation of a Feynman diagram,

k

(I)(d, ;; 2?) = Z Sa(da jv g)p+1+an+a(ga; Xa; g)
a=0

where j is a list of the powers of the propagators in the Feynman diagram, d
IS the space-time dimension, {are the arguments of the hypergeometric
functions, which are related the kinematic invariants of the Feynman diagram,
{Ba, N} are linear combinations of 7 and d with polynomial coefficients, and
S, are rational functions of the variables z with coefficients depending on d
and j.
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Invariants of Hypergeometric Representation

Being a sum of holonomic functions, ®(J; Z) is also holonomic. Thus, the number of
basis elements on the r.h.s. of the above equation is equal to the number of
master-integrals @ (2) that may be derived from the |.h.s. via IBP, giving, symbolically,

h

®(d,j;2) = > Bi(d, j; 2)®x(d; 2) .

k=1

The number h of nontrivial master integrals following from IBP which are not
expressible in terms of gamma functions is then equal to the number of basis
elements L for each term of r.h.s. of equation. Here, it is understood that diagrams
that are expressible in terms of Gamma functions are not counted.

The number of basis elements in the framework of differential reduction is defined to
be the highest power of the differential operator 6 in

p—|—1F ZPZ 3+1F3(E—I;;§—IS;Z),

where I, I are lists of integers and P;(z) are rational functions.
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Invariants of Hypergeometric Representation

This analysis demonstrates that there is a very simple relation between the
number A of nontrivial master integrals found from IBP (which are not
expressible in terms of Gamma functions) and the maximal power v of 0
generated by the differential reduction, namely

h=v+1.

This relation does not depend on the number k£ of hypergeometric functions
entering original equation. This evidence leads to our conjecture

Regardless of the type of functions in the r.h.s. of this equa tion,
the number of basis elements is the same

(up to a module of rational functions).

We are not aware of any exceptions to this statement, but it has not been
proved in general.
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Epsilon Expansion of a Hypergeometric Function

What does it mean to construct the ¢ expansion of a hypergeometric

function?

A generalized hypergeometric function can be written as a series

(it aie), (Ax fased o {Apdape} | ) g2l [ (A + i),

e = )
{Bl + blg}, {B2 + b25}a T {BQ + bqg} j=0 J: Hrzl(BT + b?“g)j

where (a); = I'(a + j)/I'(«) is the Pochhammer symbol.

Let us consider the Laurent expansion of a generalized hypergeometric
function , F,_1 (4; B; z) with respect to its parameters.
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Epsilon Expansion of a Hypergeometric Function

If each parameter list is shifted so that

then F,_ (A+ed; B+ eb; z) = oFy_1(4; B; 2)

p p—1
= pFp-1(4; B; 2) + Z H H(gaz)mz (gb’b)lj L[f,é(z) ;
m;,l;=11=1 j=1
= Fp1(A;B;2) = pFp1(A; By2) + ) " L5 .(2) = > "L 5.(2)
k=1 k=0

The goal of the ¢ expansion is to completely describe the coefficients
L.~ (2).
a,b,k
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Multiple Series Generated by the Epsilon Expansion

The £ expansion can be constructed in terms of multiple harmonic sums

A useful starting point for expanding the gamma functions is

f: (=2)

m=1 m r=1 (T—I—k—'—%)

['(k+1+2+j+2) 1 ['(k+14+2+2)
n —
[(k+1+E+)) [(k+1+2)

m J 1

p 'S '
e (43+2) & (om @&

P(ieE) A ()

In particular, for p = 0, we have

3
N

R G 0 B S i (=2

['(1+ 2) = m m(d)
where S, (j) is the harmonic sum defined as S,(j) = 7,;:1 =
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Example: Gauss Hypergeometric Function

The ¢ expansion of the Gauss hypergeometric function gives

14+aie,1+ase > .F(j)l“(l—£>
' 12 :1(1—2—?4—05)2% A

2 I ) . ' ;
2_E+C€ q j=1 F(1—§—|—])
where = (—g)”
A= (—A Si(j — 1) + FslaPdl (j _ 1 )
o |5 (-t -+ S )|
with A, = a¥ + a5. Here, , / 1
] SPa () =>_

k)
r (/" _I_ _)

denotes the generalized multiple harmonic sum, which satisfies

1

_
(1+5+2)

SP G+ 1) =8P (1) +
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Problem: How to evaluate these series?

The ¢ expansion of a hypergeometric function typically generates terms of
the form

Z ((1 B )jj‘g)s[m,qll (j—1)-- S[pk: qr] (j—1)

containing products of multiple harmonic sums

e

How can these be evaluated?

We will review some specific algorithms.
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Expansion by Moch, Uwer, Weinzierl

Systematic algorithms for constructing the ¢ expansion of hypergeometric
functions around integer values of the parameters has been developed by
Moch, Uwer, and Weinzierl. These involve sums S, and Z, defined via

nok
T
Sa, , — Za, , =5 —
(ni ) m =%
" b
Si,;(n;xh”' 7331) — Z k_ k y L2, 7xl) )
Zij(n;xl,---,a:l) = k_Z (k— 1,22, ,x1) ,
k=1

These are useful for expanding the gamma function about integer values:

F(n—I—s) = F(1+5)F(n) (1—|—€Z1(n— 1)+€2Z11(n— 1)—}—53Z111(n— 1)+...) ;
D(—n+1+e) F(1€+ ) (_1}();1 (L+eSi(n—1)+e2811(n—1) +...) .
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When these algorithms falil...

There are some cases occuring in Feynman diagrams where the Moch,
Uwer, Weinziel algorithm fails or does not apply...

® |Integer values of parameters: Appell function F; and its generalizations;

mnx y"
F4(CL, b7 Cl,CQ;ijy Z Z - m! n!

m=0 n=0
z)

® With rational values of parameters: (2-loop sunset, equal masses)

1 2
2F1< L4 bie, 2 + bye Z>

® With one or more unbalanced rational parameter:

1,%—1—[)18,1—1—&18,1—1—&28
4F3 % %
s+ J1g, 5 + Jae

24 ce
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Example: Rational Values of Parameters

An example of a Feynman diagram leading to rational values of parameters is

. deydik
J! )a,a,a,mz,M2 :/ 1= 2
R (e Y Rl

(2-loop sunset, m; = my = M, m3 = m) when p? = —m?,d =4 — 2¢
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Generating Function Approach

This is an alternative to the MUW algorithms. Consider the multiple series:
=3+
j=1
Let us find the recurrence relation for coefficients 7 () with respect to the summation
index j:
Z m(m =+ 7)n(m + ) = h(j)

where P, (x) is polynomial with respect to = of order n,, and h(j) some
Inhomogeneous term. This difference equation can be converted into differential
equation for generating function:

> Que) () = H(z)

e H() = 3 h(j)?

3=0
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Generating Function Approach: Example

Difference equation: 2(25 + 1)(j + 1) 'n(j + 1) = j°n(j) .

with  7(j) =

Differential equation:

(g — 1) (z%)cz_;_;c(z) — % (z%)u Yoi—e(z) =1,  ¥_—(0) =0.

: z—4—/z (1—y)?

New variable: Yy = , =
Vz—44++/z Yy
New System:
1—y d et 1—y d
_ Y o(2) = __(y), —o_._(y)=1.

(-1525) S = ko) vo-)

SOMION 3 ) = iy, Doa(d)=—zhly,..
g 2 1
Soime(s) = = [ dt |52 Somen(t), e>2
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Multiple Polylogarithms (MPL)

By definition, the multiple polylogarithm is defined by power series

o0
w;nl x72n2 ZCm”

lel’kZ,"',kn (:C17:C2’ o 0 o ’an> p— kl k2 o o0 C kn ;
My, >->mqy>0 101 T My

where weight k = k1 + ko + - - - + k,, and depth IS equal to n.
It is defined for |x,,| < 1 and admit an analytical continuation.

The case z; = --- = z,, = 1 corresponds to multiple zeta values.
They satisfy stuffle relations

Lip, () Liy, (y) = Lipp (2,y) + Lin m (y, @) + Linan (zy)
Linl,ng (5131.332) Lln3 (563) =
Linl,ng,ng (:C17 x27 x3) —|_ Linl,ng,ng ('CB17 x37 x2) —|_ Ling,nl,ng ('7;37 xl? x2)

+Lin, 4ng,ns (€123, ©2) + Lin, jny4ng (@1, T223)
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Iterated Integrals

An iterated integral is defined as

= dt
I(Z;afk'7afk'—l"' ,al) — / I(t;a’k}—17”' ,al)

B /Z di /tk dty,—1 /t2 dt,
o tk—ar Jo thk—1—ar—1 0 t1i—a1

An important special case of this integral is

Gm”n,)mn—la"')ml (Z; xn7. © 7x1>
EI(Z7 07"'70 y Lny 07"'70 y Ln—1y° " , 07”'70 7371)

S—— S——
mn, —1 times m,_1—1times mi—1 times

The multiple polylogarithm is a special case of an iterated integral:

Liky oo oy (Y1, Y25+ Yn)

1 1 1
( ) v —1 yv2,Rh] yn y’n,y’n,—l yl"'yn
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Chen lterated Integral

The integral G, my_y....m, (Gk, -

..,ay) Is an iterated Chen integral w.r.t. the
differential one-forms

where a IS any number so that

z
c _ my—1 ma
Gmk,...,ml(zaakza---aal) _/ Wy Wa, X 0 ><<*‘)() Waq -
0

and

1
1 1
. m km—1 ki1—1
lel,"' 7km (b_, c ey b_ == (_].) wO Wbm X o+ X wOl Wbmbm_l...bl .
1 m 0

The iterated integral representation gives rise to a “shuffle algebra” which is
useful in the solution (as is the “stuffle algebra” noted earlier).
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Special Cases of MPL

A special case of the multiple polylogarithm is the “generalized polylogarithm”
defined by

o0 M,

. Z
Lig, ks,... .k, (2) = Z T ks 2

. . . n
My, >Mpy—1 > >m1 >0 ml m2 Mn

where |z| < 1whenall k; > 1, or |z| < 1 when &k, < 2.

Another special case is a “multiple polylogarithm of a square root of unity,”
defined as

gMn .. .O-ml
: _ My ~ N 1
iy o (2) = > A
$1:82,°°" ,Sn mn>mn_1>.“m1>0 mn 1
where s = (s1,---s,)and ¢ = (o1, --- ,0,) are multi-indices and o belongs
Y Y Y

to the set of the square roots of unity, o, = +1. This case has been analyzed
In detail by Remiddi and Vermaseren, 2000.
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Multiple Inverse Binomial Sums

u=

_ (1—y)?

_(1—y)?2

Yy

where c is a positive integer, c, z and ¢, z are rational coefficients,

Sa(j —1) =>2)=; % | is harmonic sum and Li(i

a square root of unity.
The result is the same for more general su

>

71—1

1’
J

2

: 25\ J°

S

ms,

) (z) is the multiple polylogarithm of

km >0

a2 A
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Multiple Binomial Sums

il (2]‘7) W Sa,(j—1) -+ Sa, (j — 1)

1 —x
— X p,S
(1+x)2
= 27\ u’ : : ~ p
d Y ) =8 (G—1) - Say (G- 1) =) Cpsln”xLifsy (x) , c>1
— \J /J° - (%)
J= T X D,S
(1+x)2

The result is the same for more general sums,

> ()5, I,
j=1

ai a2 27
mitmg? - m
k1>k2>"'km>0
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General Case |

= T (1-2
ZZJ I‘j ( >Sa1(j_1)Sa2(j_1>"'5ak(j_1>

1+j-2)
( d z=2(§)

__¢p E : : ji—j2 yj2—i3 Jr—1=Jr yJj
— 5 Cj:gL1§’ (Aq ) >‘q ) " 7>\q 7>‘qr§) )

J,s

_ _ 1/q %
where p, g are arbitrary integers, £ = [ = ,Ag = exp (7<Z ) , and
z—1 q q

r

1§{]m}SQ7 Zsk‘zl—'_a’l—'_”'—l_a’p?
k=1

p, q are arbitrary integers.
The result is the same for more general sums:

: : 1
‘SYQ'I(J_:l)...‘SYa'k:(J_l)_> Z aq G,Q... ar
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General Case ||

~ i T'(y)T (1—%)
=1 J° F(1+ '—2)
= T =)

=D erlis O TR NN (e D),

Sar (J = 1)Say(j = 1) -+ Sa, (J — 1)

where
T
1 <{jm} <q, Zsk =l+ctar+---+ap .
k=1
The result is again the same for more general sums:

7—1

. . 1
Sal(]_l)"'sak(]_l)_) Z a, a2 . dk
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Examples

o P(1-2)rGg) @
Zz F( _p ) = 2_: AL (Ag'E)
J=1 q J 7J1=1

T (1-2) 1) - o
G =€ ) APTLiLL (A7)
F(1+J—§) j1,d2=1

T (1-2)1() SN |
: q. S[lq—p#z] (j—1) = —&Pq Z AJ1PLig (AE)
‘o T (1+]—§> J1=1

o T(1-2)0( q
Z 2‘7 ( q.) (J) ([S[lqpafﬂ (] _ 1):|2 + S[2q_p7Q] (] _ 1)> — _2q2£p Z )\glpLig ()\él g) :
j=1 I (1+j—§) J1=1

T (1-2)r@)

S G-DSY TP (G- 1) =
j=1 F(l_'_]_E)

q
€ 3 3prfiin (g ) Hisa (40 |
J1,52=1
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Direct Solution of the System of Differential Equations

Recall that any multiple series generated by the < expansion is related to
derivatives of Horn-type hypergeometric functions with respect to parameters.
Horn hypergeometric functions satisfy a system of differential equations.
Instead of starting with the difference equation for multiple sums, it is thus
possible to construct the € expansion for Horn-type functions directly.

—

2 (=" @ (a/aj) " (a/aé) % oFo 14s (AQ;B}; z)

o =
S7a76

As=ms;Bs=n

where, for example:

©. @)

1 27 , . . .
= e Bl = Sar (J—1) -+ = Say, (5-1) b, (25-1) - - - Sp, (25-1) ,

k .c
— 25 J
7= (g)

where S,(n) =Y _, 1/4* is the harmonic sum and k = +1.
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Direct Solution of the System of Differential Equations

Consider the £ expansion of a hypergeometric function
w(z) = pFp_1 (d’s, A+ce; 1+be, B+fe; z) Starting from the differential equation

p—1 p—2
2 (0+A+ce) | [ (6+aje)—60 (6+B—1+ fe) H(9+b,€s)] w(z) =0,
j=1 k=1

we obtain equations for the coefficients of its ¢ expansion w(z) =1+ > =, wy (2)e®:

(1-2) 2+ 22— 4] 7w () = [P(@ = PETIE )| 07 Lumoa ()

dz z

o
+> | @ o)~ P ”(b,f>] 07 T wyn—j(2) + APPT) @) wm—pi1(2)

+p§_: APP (g B 1)P,§p—2>(6)] 0P~ R, 1 (2)+ Py (@, ¢)wm—p(2) |

z
where 0 = zd/dz and the polynomials Pj(p) (ri,---,rp) are
p p
z—l—frk P(p) i, ,T 2 = P(Zi).'F'zj: P.(p)fF’zp_j.
p pP—J J
§=0 §=0 §=0
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Solution: Finite Part

The first non-vanishing term correspondstom =pif A=0,andtom=p—1
otherwise. In both cases, the main equation reduces to

d B-1
1—
( Z>alzJr

— A O w0 145,0(2) = (A+coa0) PPV (@) .

Let us redefine the higher derivatives of w(z) using new functions:

Hp_lwk(z) — h(z)@p_1¢k(z).

where ¢ (z) is a new function and
h(z) = (-1)*2" 7P (z - 1)P 7471,
with A and B being arbitrary rational numbers. Then, we have

()AL B (2 — 1)B40P0, 115, ,(2) = (A+cda o) PETV (@) -
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Solution: Finite Part

The solution of this equation can be written as a multiply iterated integral,

(p—1) dtl 2 dtg tp—1 dtp tf
¢p—1+5A,O(Z) o tp (tp _ 1>B—A !

where the constant part is omitted for simplicity.
This solution can be written in terms of multiple polylogarithms
(hyperlogarithms) defined as iterative integrals over rational one-forms,

~dt
In(z; 0, 0k —1, .. .,a1) = In_1(t;ap—1,...,01) ,
0

t—ak

where z is the argument, {a;} is the set of parameters, and & is the weight of
the hyperlogarithm. In this way, the solution may be expressed in terms of
hyperlogarithms if a parametrization z — £(z) exists such that following two
conditions are fulfilled for some rational functions Q(¢), R(&):

T~k = R
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Solution: Epsilon Parts

To analyze the structure of the highest coefficients of the ¢ expansions, let us consider
the original function w(z) and its first p—1 derivatives as independent functions,
f*® = (w,0w, - 0P w), k=0,---,p—1.

Each /) has a ¢ expansion f*)(z) = 3272 fi*(z)e’ with boundary conditions
éo)(z) — 1 and f;k)( )=0,7>1,k=1,--- ,p— 1. Defining

0Pt wr(2) = h(z)qﬁ§p_1)(z), we can convert the original equation into a system of

first-order differential equations,

A(2)(1-2) 2 620 () = h() [P“’)(a -1 PG, f>] 6@~V (2)

p—1

4 {Pj(p) (@, c) — ;Pj(p 1)(b, f)] féf_;)(z) + APISIill)(a)wm—erl(Z)
j=2
p=2 (B 1)

+ 3 |arr @ - EL R @) 1470 @+ B @ w2

)
2)=fi(z) for  j=1,---,p—2.
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Solution: Epsilon Parts

® The solution of this system can again be presented as an iterated

Integral over a rational one-form, if two additional conditions are
satisfied:

dz 1 dz
T Pi(&)dE,  —h(z) = PL(§)dE -

where P; and P» are rational functions.

® As a consequence of the universality of hyperlogarithms, any iterated
Integral over a rational function may be expressed again in terms of

hyperlogarithms. It is easy to show that the two equations are not
functionally independent. In fact, we obtain

R (€) = PUE)Pa(), h(z) = o) _ L2&)
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Example: Gauss Hypergeometric Function

Let us consider as the basis the Gauss hypergeometric function with the
following set of parameters:

w(z) = o (E + ai¢, b2 + age; 1 — 8 —|—ce;z) :
q1 42 43

It is the solution of the differential equation

d p1 d  p2 _d d  p3
(Zdz + o + als) (zdz + 0 + a25> w(z) = P (Zdz 0 + cs) w(z),

with boundary conditions w(0) = 1 and z£w(z)| _, = 0.

Due to the analyticity of the Gauss hypergeometric function with respect to its
parameters, this equation is valid in each order of ¢, i.e. it holds for every
coefficient function wy(z) in the expansion

w(z) = Zwk(z)ek.
k=0
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Example: Gauss Hypergeometric Function

The boundary conditions for the coefficient functions are

wi(z) =0 (k <0),
z%wk(z)’zzo =0 (k>0).

the original equation can be rewritten in terms of the coefficients functions wy
as

d p1 . P2 lps| d p1p2
l—2))——-|—4+—= ) ——-—=|z2—wg — W
dz qQ1 Q2 zqz| dz q142

. c d P2 P1
= (a1+tay—— | 2—Wg—1+ | a1—+A2— | Wp—_1T+A102WKL_2 .
2/ dz q2 q1
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Example: Gauss Hypergeometric Function

The main idea of our approach is to find a new parametrization, through a change of
variables z — £(z), and defining new functions px (&), related to the first derivative of
the original functions wy (£) as

or(€) = 3" Tus(9) d%wj ©,
J

so that original equation can be rewritten as a system of first-order linear differential
equations with rational coefficients:

a4 _ 4

FHO = O

doE) = > b > -
FHO = O3 e e O O3 e

J J

where A, B;,C;,D;,a5,85,7,0; € C(j =1,2,---). Then, the iterative solution of this
system can be constructed.

When wp(z) = 1 (po(z) = 0), this solution can be expressed in terms of hyperlogarithms
depending on the parameters «;, 35, v;, 0, possibly times powers of logarithms.
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Example: Gauss Hypergeometric Functions

These methods have been extended to rational values of the parameters as
well, leading to the following result...

Theorem:
If I, I5, I3 are arbitrary integers, the Laurent expansions of the Gauss

hypergeometric functions
2F1 [1 —|—a€,]2—|—be;13—|— % —|—C€;Z) y
o F1 (17 + § + ae, I + § +ba;lg+§+ce;z) :

(
(
(I + 2+ ae, Ir + be; I + ¢35 2)
(

ol

2

2F1 11 —+ g —1—&8,]2 —|—b8;13—|— g —1—68;2)
are expressible in terms of multiple polylogarithms of arguments being

powers of g-roots of unity and a new variable, that is an algebraic function of
z, wWith coefficients that are ratios of polynomials.
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Generalized Hypergeometric Function Example

I {1—}—0,@'6}13
%+fs, {14e;e}F72

z) _ (14‘22]06) 1_y{1ny_|_ Z€k$k+l(y)},

1+y k—1

. ( {(1+a;e}B+2, {2+4d;c}P2R

2+ fe, {1+eie}®, {24cie} P2 E

C(142fe) T (1+ese)
Z) = 1l (1+dse)

1-y
14y
(1+2f5) HP_Q_K+L(1+035

z
2z [IEZ2E(1+dse)

s=1

+ Zé‘ Dopa (y )}

k=1

In y+Z e @1 ()
k=1

D " rn(y),

7 {1—|—ai€}K+3, {Q—I—dié“}P_?’_K
k=0

%+f€a {1+ei€}K_L7 {2+Ci€}P_2_K+L

where F' is the hypergeometric function p Flp_1, R, K and L are integerswith0 < R < P—2,
0< K<< P-30<L<K,thesuperscripts R and K — L indicate the lengths of the parameter

—, =2 .
lists, y = H—z;l, and & (y) and ®;(y) are linear combinations of multiple polylogarithms of
z—1
the square root of unity of weight k.
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Epsilon Expansion for Multiple Series

The structure of the expansion of p Fip_; leads to the structure for multiple
series...

Let us define the linear combination of S,(2j — 1) ---5,(2j — 1) as

>k
exp (Z %Sk) =1+4+¢eS; + & [S_z—l—gﬂ
k=1

‘|‘€3 —5_134—3511512—1—25(3}

1t 8,4 +6525,4352485,5; +6§4] +0O(e®)
=1 + Z €jAj ;
j=1

where S;, = S, (25 — 1) and all rational factors arising from the series
expansion of the exponent are equal to 1.
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Epsilon Expansion for Multiple Series

Let us consider the following sums:

o0 .
Z
Zalf"7ak:;b1a" : :_CL ) kA ...Ab’r"
Then: Ea'la"'7ak;bl7"'ab’r';a;z :”U,:— (1_y)2
Yy
1 —y
= — cp zIn” yLi/ sy (y)
14y <=7 (%)
b,s
Eafla"' 7a'k;bl7"' 7b7’;a';z :|’LL:— (1_y)2
Yy

l

—Zcpgln yLisy (W), c22,

where c is a positive integer, c,  and ¢, z are rational coefficients,
Sa(j—1) = Z;Z;ll Zia , Is a harmonic sum and Li(a.) (z) is the multiple polylogarithm

N
S

of a square root of unity.
Note:

This result can also be extended to binomial sums and rational values of parameters.
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Summary

Feynman integrals may be expressed as linear combinations of Horn-type hypergeometric
functions. Differential reduction can be applied to Horn-type hypergeometric functions with
an arbitrary values of parameters.

The number of master integrals required in differential reduction should agree with the
number found using integration-by-parts techniques. This is an example of a “universal’ type
of result that we expect to arise from the existance of a hypergeometric representation.

Dimensional regularization requires expansions of the hypergeometric functions about
rational values of the parameters. The functions generated by the £ expansion can be
specified via

© a series representation,

© iterative solution of differential equations;
° the integral representation for hypergeometric functions;

In particular, MUW-type algorithms do not suffice for all diagrams of interest. Multiple
polylogarithms are not enough for all diagrams of interest.

Generating functions in combination with direct solution of differential equations for the
hypergeometric functions allow us to construct € expansion for a large class of functions and
analytically evaluate a large class of multiple series.
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Appendix: Shuffle Algebra

Let X be a finite set of letters and let X* denote the set of words on X. The
shuffle product is defined recursively by:

e Uw = w Ule =w ,
zu UWyv = x(u Wyv) + y(xu W) |

where z,y € X, w,u,v € X*, and e Is an empty word.

The polylogarithm satisfies
i (o ki o) T ()
The case zq, ...z, = 1 gives a relation between multiple zeta values:
¢(u)¢(v) = ¢(uv) .

Multiple polylogarithms satisfy both shuffle and stuffle relations (next slide).
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Appendix: Stuffle Algebra

The stuffle relations are based on a modification of the shuffle algebra.

Let X denote an alphabet and let X* denote the set of words on X.
The stuffle product « IS defined recursively by

exW=wW*e=1w,

L1W1 *k LW = xl(wl *ZEQ’LUQ) —+ 2132(5131’101 *’wg) + (5131 . ZI?Q)(’UJl *’wg) y

where w, wi,ws € X* ,x1,29 € X and x; - x5 IS an associative product
defined on the letters. The stuffle algebra is a graded Hopf algebra.

For multiple polylogarithms, the “letters” have the form Li,, (z), and the
associative product of two letters Li,,,, (z1) and Li,,, (x2) gives

Lipm, +m, (x122). The “words” have the form w = Li,, . . (y1,...,y.), and
adding a letter to a word gives z1w = Lin, ny....n, (T1, Y1, -+ - Yr)-

The case z; = -- -z, = 1, gives a relation between multiple zeta values:

C(wr)¢(w2) = (w1 x wa).
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